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residuals method in structural mechanics. Part 3:
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Abstract. Solution for cylindrical shell under concentrated force is a fundamental problem which allow to consider many other cases
of loading and geometries. Existing solutions were based on simplified assumptions, and the ranges of accuracy of them still remains
unknown. The common idea is the expansion of them into Fourier series with respect to circumferential coordinate. This reduces the
problem to 8th order even differential equation as to axial coordinate. Yet the finding of relevant 8 eigenfunctions and exact relation
of 8 constant of integrations with boundary conditions are still beyond the possibilities of analytical treatment. In this paper we apply
the decaying exponential functions in Galerkin-like version of weighted residual method to above-mentioned 8" order equation. So,
we construct the sets of basic functions each to satisfy boundary conditions as well as axial and circumferential equilibrium equations.
The latter gives interdependencies between the coefficients of circumferential and axial displacements with the radial ones. As to radial
equilibrium, it is satisfied only approximately by minimizations of residuals. In similar way we developed technique for application of
Navier like version of WRM. The results and peculiarities of WRM application are discussed in details for cos2 ¢ concentrated loading,
which methodologically is the most complicated case, because it embraces the longest distance over the cylinder. The solution for it
clearly exhibits two types of behaviors — long-wave and short-wave ones, the analytical technique of treatment of them was developed
by first author elsewhere, and here was successfully compared. This example demonstrates the superior accuracy of two semi analytical
WRM methods. It was shown that Navier method while being simpler in realization still requires much more (at least by two orders)
terms than exponential functions.

Keywords: infinite cylindrical shell; concentrated radial force; Galerkin method; Navier method; accuracy, number of terms; short
and long solutions.

Introduction into 8™ order even differential equation with respect to ax-

ial coordinate. Classical, most natural way of solution is

The distribution of deformations in elastic infinite
cylindrical shell under concentrated radial force is a classi-
cal problem which potentially establish the basis for solv-
ing shells under different boundary conditions, loadings,
and material properties. In spite of classical character of the
problem, it is relatively scarcely described in literature and
almost not presented in handbooks on the theory of shells.
The starting point in all existing analysis is expansion of all
unknown parameters into Fourier series (cos n, sin n@) as

to circumferential coordinate @ . This reduces the problem
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derivation of 8 eigenfunctions with 8 unknown coefficients
which should be related with boundary conditions [1]. But
a very complicated form of eigenfunctions, interrelations
of their derivatives with different physical and geometrical
parameters prevent the practical realization of this ap-
proach.

Historically the first was the work of Yuan [2] where
two equal and opposite forces were considered. The gov-
erning 8" order equation was initially simplified by omit-
ting some terms and representing the looking for function
as Fourier integral. The solution of simplified equation was
presented in analytical form only for radial displacement.
A little later Morley [3] slightly modernized characteristic
equation which still allowed to get treatable eigenfunc-
tions. Later on, these and similar results were generalized
in the monograph of Lukasiewicz [4].
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More correct and simpler approach was suggested in
work [5] where the expansion in Fourier series was applied
in axial direction as well, and this unnecessitated the sim-
plification of governing equations. This method was ap-
plied by author and other investigators [6] to cylinders of
finite length at specific boundary conditions. Yet it was
never applied to cylindrical shell of infinite length, and this
will constitute some novelty of present work.

A new family of solution became available with
elaboration by Vlasov [7] of so-called semi-membrane the-
ory of shells, which actually reduced the 8" order task to
4" order one. Its specific feature was assumption that solu-
tion change more quickly in circumferential direction than
in axial one. Theory of Vlasov became a very popular one,
and several its modifications were applied to the problem
of interest [8, 9]. Yet these papers were aimed only at der-
ivation of the maximal deflection of the point of force ap-
plication and their relative accuracies can be explained by
overwhelming contribution of terms at smaller number of
in expansion as to circumferential coordinate. The detailed
review of these works was given in work [10].

The fact that Vlasov's solution is not self-sufficient
and needs to be supplemented by accompanied 4th order
problem was firstly elaborated by Calladine [11]. He even
coined the more relevant term for Vlasov-like solutions —
long wave solution, in contrast to supplementary solution
— short wave solution. Lately we used for brevity the terms
“long” and “short” solutions [12, 13] and modified them.
The latter approach was applied by us for more detailed
analysis of action of one or two radial forces and results
were successfully compared with FEA results [14].

The goal of present work consists in application of
weighted residual method with employments of intention-
ally constructed sets of exponential functions which satisfy
to required boundary conditions. As in paper [15] we also
will elaborate and use for results verification the Navier
method, which also can be considered as WRM application
for a specific task. For particular case of we will derive and
compare the complete analytical solution based on notions
of short and long solution. Furthermore, the experience
gained at preparation of work [15] will be used thought-
fully this paper.

Problem statement and main equations

For considered infinite shell Fig. 1 depicts all coor-
dinates (angular ¢, axial x and radial ») and their positive
directions; displacements in corresponding directions
(v, u, w); membrane forces N,, N 0> shear force L, trans-
verse forces O, and Q, ; bending moments M., M,
and M, .

We use the following geometrical and equilibrium
equations [14]:

oON, dL oN,
x+_= , _¢+8_L+%:0 (la)
&  Rop RO@ ox R
o) N,
90, , 9% No_, (Ib)
ox RJp R
oM E)Mx(p aan aMX(P
— X :—+— 1
O TR PR e 19

The above inner forces are related with deformations
(membrane &, ¥ and bending y strains) by physical equa-

tions:
N, =-H(e +pg,), N,=—H(g,+ue,), (2a)

L=-Geh, (2b)

M, =—H3(1, +1y). My =—H3(xy+11,) (20)

HS
Mx(p =_7(1_H)Xx(p .

(2d)

Fig. 1. Directions of geometrical and force pa-
rameters: () 3D view of element; (b) plane (¢, r),
(c) plane (x, r)

Here the usual designations are used: H =Eh/(1-p?),
G=E/2(1+W), 8=h*/12, pis Poisson’s ratio.

The third set of equations is the geometrical one,
which relates the displacements with strains:

du 1dv w 1du ov
€. =—, (pz__ > 8x(p:__-l-_: (33)
ox RJdp R RJp ox
ow ow v
=y = 3b
=700 T T Rae R (3b)

Bending strains also depend on displacements. Their
usual expressions are given as corresponding derivatives of
angles of rotation Yp and y, [11]. Butstrains (3a) depend
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on variable radius and gives the contribution to bending
strains too [14]. Eventually we will use the following mod-
ified expressions for them:

92w
= 4a
Xx == (4a)
‘= v o*w & iw w (4b)
¢ RZa(p RZa(p2 R RZa(p2 RZ 4
v 20%w &, 20w 1 ou
T R ()
Rdx Rdgpox R RO@dx R* d¢@

It is convenient to give here the general expressions
for transverse forces presented as the functions of displace-
ments:

’w. 1 o’ (1-p) 3
0. =H3| S5+ L (2“)+ "M (sa)
x> R*x0¢> R® 200 OxXR” |
3 3 Pu(l-p) |
0, =Hb 83w3+ 83w + 8W2+i2 u(1-p) (5b)
R0¢’° Rdp RO@ox R* 20@ox

As usually expand all parameters in Fourier series
along circumferential coordinate. Assume that they can be
presented as follows. For displacements:

w(x, @) = w,(x)cosng, (6a)
v(x,9) = v, (x)sinne , (6b)
u(x, Q) =u,(x)cosng. (6¢)
For forces:
N (x,0)=N,,(x)cosno, (7)
Ny(x,9) =N, ,(x)cosno, (7b)
L(x,0)=L,(x)sinn@. (7¢)
For transverse forces:
0, (x,9) =0, (x)cosng, (8a)
0, (x.0) = 0y, (¥)sin ng. (8b)
For moments:
M, (x,9) =M, (x)cosng, (%a)
My(x,9)=M, ,(x)cosng, (9b)
M o(x,0) = Mg, (x)sin ng. (%)

Express all force parameters through the displace-
ments parameters and omit the lower indexes “n”, while im-
plying that all parameters relate to the given Value of “n”:

a_“jcosmp, (10a)
X

Nx=—H(g—Z+M”%+M%JCOS”(P’ (10b)
u ov) .
L=-Gh _nE+B_x sinn@, (10c)
83w n —uaw n?(1-wu
Q Hs[a 5 R ox )
(10d)

_Hs (n3—n)w_n82w_n(l—,u)au . (10¢)
Oy = 2 Eaxz ) =~ sinng e

Note, that each equation of (10) contains either com-
mon multiplier cosng or sinng . Furthermore, the choice

of parameters in form (6)—(9) provides that all below equa-
tions will be proportional only to one trigonometric func-
tion. Thus, we will mostly omit them, and retain them only
when it will be important for the signs — derivative from
cosine give “—" and from sinus gives “+”. Substitute (10)
into axial equilibrium equation, it gives:

[ LB ﬂd_w}L a- “>[ n1+@j=o. (11a)
dx? dx

R dx 2R R
Equilibrium equation in circumferential direction is:

un dv
R dx

2
(nz_+ 1+M“’“j A=W ndu dvi,
2 "R* Rdx 2 Rdx dx’
6 3w w  nd*w n(l-p)du
+—|n—-n——-———>-——">=>—1=0.(11b
R( R R Rax’ 2R d (o)
Equilibrium in radial direction gives:
4 2 2 2,2 204 _
s d'w (2n"-wd w+n(n Dw n"(1-W) du
dx* R*  dx’ R* R dx
+H nl+l+“du =P (x), (11c)
R* R* Radx

where P,(x) is known outer force specified for each value
of “n”. In this paper we will consider the most general cases
of loading, therefore assume that

P,(x)=2-8(x)cosno, (11d)

where 6 (x) is Dirac delta function. So, the loading (11d) is
symmetrical with respect to the origin of coordinates x = 0,
this allows to formulate corresponding boundary conditions.

Application of the Navier method

Consider Navier solution in form which satisfies to
x = 0 symmetry. In this case we will seek the unknown
functions w,, (x), u,(x), v,(x) in (6) in the following

form:
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w, (x) = Z 4, cos[%}, (12a)
m=0

v, (x) = z B, cos(’"; j (12b)

v,(x)= Z c, sm(m:xj (12¢)

where L is specific length, which should be several times
bigger than length of existence of nonzero solution. The
choice of this length was discussed in [15], and will be an-
alyzed here too.

Substitution of equations (12) into equilibrium equa-
tions (11a), (11b) at given m and » leads to the system of
equations, which can be presented as below:

fib,+gc, =h;
(13a)
Joby + 8,6 =1y,
where the following designations are used:
by =By 4y; € =Cpldy; (13b)
2.2 2
m'n n (1- mnm(l+
PR LN G L L PEE
L 2R 2RL
fi= "””“(Hu 0 (1—u)j- (13d)
* 2RL R? ’
2 2 201

R? 212

b= R2{1+;2[ _1+(’”§R] B(Bﬂ

Solution of the system (13a) can be presented as:

— gzhl _glhz . — f]hz_fzhl )
ngl_glfz gz.f;_glfz

Now consider equilibrium in radial direction (11c),
which we rewrite as:

j, = b wmm
RL’

(13g)

H-d, cos( 7 jA =P (x), (14a)
where
4_4 2 2.2 2,2
dmn =5X[2224 +(2n RZMEZm K - (’;4 l)_
2
1- b . 1 n-b
R°L R R RL

The outer loading P,(x) (11d) can easily be ex-

panded into Fourier series, and is:

mmx
P (x ——+ —Cos l4c
7 (X) 7 ;;1 7 ( 7 ] (14c)

So, substituting (14c) into (14a) and comparing the
coefficients at the same cosines, then unknown coefficients

A, are derived from:

P 42
‘" LH-d,’ " LH-d,,

(144d)

Thus eventually we get the simple formula for each
component of the radial displacement expansion:

os[mfx) (14e)

The availability of coefficients allows to get the co-
efficient (13g) which describe two other components of the
displacement field (12b), (12c¢).

1 N

+
LHd,, mZ::l LHd,,

W, (x) =

Application of exponential functions in WRM

Interdependencies between displacements. Take
the radial displacement in the following form:

_kx

w(x)=de 1. (16a)

Then two other displacements u ;. (x), v;(x) relate
with it through the equilibrium equations (11a) and (11b).
Present the above displacements as:

u () =blk,n)-wi(x), vi(x)=clk,n)-wi(x). (16b)

So, from (11a) and (11b) we have formally the same

system (as (13a) in Navier method) of two equations, in
which the respective coefficients are:

f1=lz—; T, 1=—k”2%”; (160)

fzz—%(l+ —%(1—@); (16d)

hlz%, hzz—%[ug[ kLR D (16f)
\ :

The solution of which formally is also given by
(13g), but we will for completeness rewrite them

— gzhl _glhz . — flhz_fzhl )
" gzﬁ _glfz gzﬁ _glfz

Now substitute all components of displacement into
equilibrium equation (11c) we will get that left-side, LS, of
it can be presented as:

(16g)



169

Mech. Adv. Technol. Vol. 5, No. 2, 2021

kx
LS(k,n) = Z(k,n)- Ae 1 (17a)

where:

Z(k,n)=8>{k_4+(2” :tl)k _n (1_M)3k'b(k,n)+
L RL RL,

1

17b
R R’ R’ RL (176)

1

+n2(n2 —l)j_’_n-c(k,n)_i_i_uk-b(k,n) '

Basic functions. Introduce the family of new func-
tions I'z(x) and @y (x):

Fk(x)=exp(—%} 0<x<oo, (18a)

1

which is well known exponential function and new desig-
nation are used only for convenience.

D, (x)= Oy, exp(—%)+ O exp(—zL—kxj+

1 1

va exp[ ij exp[ 4’@}
k, T k, T
2 L 4 L

Skx | _ <
| i=1

Functions @ (x) will be used as basic functions for

construction of displacement component wy(x), i.e:

5
Wi (x) =@y (x) = z(xk,irki (x).

i=1

(19a)

Accounting for relations (16b) and (16g) for func-
tions u ,(x), v,(x), they can be presented as:

5
e (x) =D 0y -bki,n) Ty (x), (19b)

i=1

5
v (%) = zak,i -c(ki,n)- Ty (x) .

i=1

(19¢)

For determination of unknown coefficients o, ; we

need to consider four following conditions of symmetry:

Y (x=0)=w(0)=0, O (x=0)=w"(0)=0,

u(x=0)=0, ﬂ(x=0)=0. (20a)
dx

and conditions of decaying at infinity — which were already

taken into account by choosing the decaying functions

I'4;(x) for their construction:

lim w, (x)=0. (20b)
X—o0

To satisfy boundary conditions (20a) we chose &

to be equal to 1, and four unknown coefficients
oy, (i=2,5) are expressed through it. These give four

sets of equations for unknown coefficients:
1) From condition y,(x =0)=0 we have:

5
wi(0) =Y oy, k-i=0. (20¢)
i=1
2) Condition u(x =0)=0 lead to:
5
u(0) =Y 0y -b(ki,n)=0. (20d)

i=1
3) Zero transverse force gives u(x =0)=0and we

have:

5
wi(0)=Y oy ;- (ki)' =0.
i=1

(20e)

4) Condition for first derivative of circumferential
displacement gives:

dv > . .
d—(O)zz%~c(/a,n)~k.z=o. (201)
X i=1

Availability of all o ;, according to (192)—~(19c¢) al-

lows to explicitly get the sets of basic functions
wi(x), u(x), v, (x).Theprocedure of formal construc-

tion of basic function is completed.
It is of interest to see the behavior of the basic func-
tions @, (x) . These functions, normalized on theirs values

at point x =0, are shown on Fig. 2, where only ®,(x) is
shown in natural scale with respect to abscissa. For all
other functions the abscissa was scaled in k times to com-
pare their general appearance. The following shell dimen-
sions and parameters were used in construction of these
functions: R=40,h=1,u=0.3, n=2, L,;=500.

The next most important step of WRM is the deter-
mination and minimization of residuals.

Dy

K

0.8
0.6
0.4
0.2
0
-0.2

-0.4
0

500 1000

1500 X

Fig. 2. Basic functions for radial displacement
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WRM for exponential functions. The looking for
functions are presented as the series:

K
w(x) =D B, P, (x), (21a)
k=1

K K
u(x)=Y Beup(x), v(x)=D By (x). (21b)
k=1 k=1

Substitute one set of these functions (at given k) into
equilibrium equation (11c) we get:

(ki)* | @n’ —w(ki)® | n’(n*-1)
Bk;akzrkz(x)[ { Lll R Lz o+l 24 -
_nz(l Wki - b(ki,n) n~c(ki,n)+L_}.Lki~b(ki,n) _
R’L, R? R? RL,

5 5
=By Zak,irki (%) Z(ki,n) =B, Zakirki (%) =B , (21c)

i=1 i=1
where Z(ki,n) is given by (17b), and coefficients &,;, and

functions Q; are introduced for convenience:

& =0y - Z(ki,n), (21d)

5
Q=Y & T(x). (2le)

i=1

So, everything is ready for formulation of the main
equation of WRM. Now substituting all functions (21a)
and (21b) into equilibrium equation (11c) we get:

K
DB Z&k,rk,(x) Zﬁkﬂkm =P,(x). (22a)
k=1

i=1
This is the main equation of WRM.

Solution technique by WRM. Keeping in mind the
results of paper [15], where the similar task was analyzed
and investigated, we note that Galerkin variant of WRM is
the most efficient one, especially when concentrated edge
force is considered. The reason is that the product of radial
force and radial displacement is the applied energy. Thus,
multiplication of residuals on the consequent sets of radial
displacements, and equating the integrals of their products
over the whole length to zero — provides the minimization
of residuals between inner and outer energy. So, Galerkin
method has clear physical sense.

So, multiply (22a) on functions ®,,(x) and integrat-

ing both sides of it over the whole length, we get:
J.[ZBka(x)j D (x)dx J.P”(.X) (Dm(x)dx (22b)
0 \k=1

It can be formally presented as matrix equation:

kaBk m > (ZZb)

where

ol s S
Xim = I(Z&kirki(x)]{zam Lo (x)de =
; =

0

(22¢)

5
Y, =®,(x=0)=>0,,;.

i=1

(22d)

Examples of calculation

All numerical results are given for cylindrical shell
with R =40, 7 =1, p=0.3. The loading case n =2 is con-
sidered in details, also some results are given for loading
distributions » = 6, 10, 20 and 60.

Loading case n = 2. There are several reasons for
detailed analysis of deformation at n = 2. First one is its
wide practical occurrence and significance — say, it exists
in zone of conjugation of pipe bend with straight pipe, it
relates with initial distortion of form, any local loading, it
leads to maximal radial displacements.

Second one — it is most complicated case for appli-
cation of WRM. The solution has two clearly modes of be-
havior: the long and short ones [14], both of which should
be properly modelled. So, the largest number of basic func-
tions and unknowns are needed for this case, and it was
unclear for us at beginning whether the methods would
give adequate results.

The results of calculation over the whole range of
solution existence are shown on Fig. 3. Here we present the
dimensionless values of radial displacements according to
the following normalization, obtained from theoretical
considerations based on long solution [14]:

Eh n?
—P(l e (EJ . (23)

On example of this graph we explain the general rule
of choosing the normalization length parameters (L in Na-
vier method and L; in WRM). As we see from Fig. 3, a, the
values of W(x) became small at x >/, =500 and solution

W(x)=C-w(x),

almost decay at x =/, =1000 . So, the value of L, is chosen

to be L= 1, while L =2/, = 2000. Note, that these lengths
are minimal ones, and we numerically investigated their in-
fluence on results. Note, that bigger values of them have
required the corresponding increase of number of expan-
sion terms, to give the same accuracy.

So the above numbers are considered by us as the
optimal ones.

Returning to the general appearance of graphs, note
the following. First, their accuracy was proved by compar-
ison with theoretical approximate results given by [14]. At
the whole, the difference between the results by Navier and
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WRM with those by [14] does not exceed 0.5%, which tes-
tify about efficiency of all methods. So, graphically all re-
sults coincide between themselves, so only theoretical re-
sults are shown here. Second, theoretical analysis allows to
separate the long and short solutions, thus confirming the
existence of both, and on Fig. 3, b in addition to complete
(red line) solution is shown only the long (dashed blue line)
solution. The maximal contribution of short solution does
not exceed 1.75%. Third, visually results for radial dis-
placement by Navier method and WRM coincides with ex-
act values at number of terms N > 250 for Navier method
and K > 20 for WRM.

()

1.6
1.2
0.8

0.4

0 100 200

300 400 500 600 700 Xx

Mx)
1.80
1.78
1.76
1.74
1.72

1.70

1.68
0 10 20 30 X

b

Fig. 3. Radial displacement, n = 2, (a) — general
view, (b) — detailed picture near the force appli-
cation point

It is of interest to explore in details the contribution
of number of terms in corresponding expansions on the ac-
curacy. This is illustrated by Fig. 4.

At K =10 WRM gives better accuracy that Navier
method at N = 100.

In practice, the more important are bending mo-
ments. Their theoretical values [14] as well as calculated
by Navier method and our variant of WRM are shown on
Fig. 5. The complete dependance of bending moments
M, (x) and M(P(x) over the whole region is shown on

W(x)

1.80

—N=20 |
—N=40
—N=100

= Wexact

1.78
176 ==
1.74
1.72
1.70

1.68
0 10 20 30 X

W(x)

1.80

—K=4 |
—K=7
—K=10

= Wexact

1.78
1.76 [~ —-
1.74
1.72

1.70

1.68
0 10 20 30 X

b

Fig. 4. Radial displacement with respect the num-
ber of terms in expansion, n = 2: (a) Navier
method; (b)) WRM

Fig. 5, a, here the discrepancies with approximate analyti-
cal solution also does not exceed 0.5%. Generally, their
range of noticeable existence is slightly smaller than for
displacements. The detailed picture (in vicinity of origin)
of the moment distribution is shown on Fig. 5, b. Here the
contribution of short solution is more salient than for dis-
placements. The full solution is shown by solid line, while
the long one — by the dashed lines. As we see, the short
solution exhibits itself within 30—40 mm from the begin-

ning. The contribution of short solution to Mq, (x) is ex-

plained by existence of Poisson’s ratio in physical expres-
sion (2c). Note, that visual coincidence of analytical and
Navier and WRM results begin from K > 50 and N > 4000.

The detailed analysis of influence of number of
terms on accuracies is shown in Table 1. Evidently that
both Navier and WRM require much lesser term for predic-
tion of accurate values for displacements than for mo-
ments. So, for 500 terms for Navier method and 20 terms
in WRM are enough to provide 0.2% accuracy. As to bend-
ing moments — the number of terms should be much bigger.
Here the short solution, which is small for displacements,
gives a big contribution to bending moments and for its
modelling we need to have the terms with large value of
m — for Navier method and of & — for WRM. For example,
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M(x)

Mx

Mo

0 100 200 300 400 500 X 0 10 20 30 40 by

a b

Fig. 5. Bending moments, n = 2, (a) — general view, (b) — detailed picture near the force application point

Table 1. Maximum of radial displacements and moments at different numbers of terms in Navier method and WRM

Navier method Exponential functions based WRM
N ;‘;‘t‘;’;ﬂef w(0) IMx(0)| Me(0)] K;?‘;;fl‘?s w(0) IMx(0)] Me(0)]
n=2,L=2000 n=2,L1=500
20 1.78095 0.93468 2.88088 5 1.77726 0.96008 2.90622
100 1.79789 1.13471 2.98900 10 1.80343 1.33185 3.05630
500 1.81569 2.68547 3.48045 20 1.81608 3.04185 3.58794
1000 1.81613 3.08580 3.60119 50 1.81619 3.42964 3.70443
8000 1.81619 3.43990 3.70752 100 1.81619 3.46914 3.71629
32000 1.81619 3.47789 3.71892 150 1.81619 3.47379 3.71768
64000 1.81619 3.48422 3.72082 200 1.81619 3.48515 3.72109
512000 1.81619 3.48977 3.72248 250 1.81619 3.48648 3.72149
n=6,L =250 n=6,L =80
20 0.13428 1.57720 2.78095 5 0.13995 2.20921 3.06823
100 0.14240 2.98943 3.34417 10 0.14250 3.22670 3.41706
500 0.14251 3.38809 3.46581 20 0.14252 3.42700 3.47749
1000 0.14252 3.43864 3.48099 50 0.14252 3.47921 349316
8000 0.14252 3.48294 3.49428 100 0.14252 3.48589 3.49517
16000 0.14252 3.48611 3.49523 150 0.14252 3.48779 3.49574
64000 0.14252 3.48848 3.49594 200 0.14252 3.48858 3.49597
n=10,L =50 n=10,L1=15
20 0.036052 2.02626 2.36055 5 0.036148 2.26600 2.43714
50 0.036155 2.31007 2.45065 10 0.036162 2.44069 2.49018
500 0.036162 2.48975 2.50493 20 0.036162 2.49204 2.50562
1000 0.036162 2.49987 2.50797 50 0.036162 2.50677 2.51003
8000 0.036162 2.50873 2.51062 100 0.036162 2.50874 2.51063
64000 0.036162 2.50984 2.51096 200 0.036162 2.50978 2.51094
n=20,L=25 n=20,L1=8
20 0.0046238 1.05594 1.22273 5 0.0046339 1.23083 1.27717
100 0.0046375 1.24754 1.28288 10 0.0046362 1.25941 1.28621
1000 0.0046376 1.29284 1.29650 20 0.0046376 1.28820 1.29510
8000 0.0046376 1.29727 1.29783 50 0.0046376 1.29741 1.29787
64000 0.0046376 1.29782 1.29799 100 0.0046376 1.29769 1.29795
n=60,L=8 n=60,L1=3
20 0.00017120 0.35581 0.40931 5 0.00017130 0.41874 0.42836
100 0.00017165 0.41725 0.42853 10 0.00017163 0.41987 0.42928
1000 0.00017165 0.43175 0.43289 20 0.00017165 0.43122 0.43273
8000 0.00017165 0.43316 0.43331 50 0.00017165 0.43299 0.43325
64000 0.00017165 0.43334 0.43336 80 0.00017165 0.43336 0.43337
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50 terms in WRM give 2% accuracy, while 1000 Navier
terms give only 10% accuracy; 100 WRM terms — 0.5%
and 32000 Navier terms — 0.3%. At the whole WRM re-
quires for this task approximately in 2 order lesser terms
for similar accuracy.

Graphically the influence of number of terms on cal-
culated moments are shown on Fig. 6. Thus, on Fig. 6, a
the results by Navier method are presented. We can see that
for N> 1000 there is a visual correspondence of calculated
results with exact ones, the divergence exists only in vicinity
of the origin. For WRM, the results visually coincide starting
from K > 20, of course with exception of the point of origin.

M(x)

—_
— k=10
—K=15
—K=20
F—Me.\'acr‘

0 10 20 30 X

b

Fig. 6. Bending moments Mz, n = 2, with respect
to the number of terms in expansion: (a) Navier
method; (b)) WRM

Loading case n > 6. The similar behavior as for
n =2 pertains for small values of n =3, 4, 5 and also have
two visually distinct range of influence — short and long
solutions. Yet with increase of value of n — the shorter so-
lution become more longer and vice versa. The value

n=6=+vR/h=v40 is considered here as a crucial one,
where the basic hypothesis of both solutions may became

violated. So, this case 7 = 6 is very attractive, and it can be
analyzed here from two points of view — a) as long and
short solution, b) and as a plate like solution. The later was

mentioned in work [11], and will be considered here as
well.

Detailed distribution of radial displacement is
shown on Fig. 7, a. Shown here is a theoretical short and
long solution, where dashed line is a long solution and a
solid red line — sum of short and long. The Navier and
WRM results are almost coincide with it, so we do not
show them here. The same is related to the distribution of
bending moments, Fig. 7, b.

W(x)

0.12 N
0.10 N
0.08

0.06

0.04

b

Fig. 7. Detailed picture near the force application
point of radial displacement (a) and bending mo-
ments (b), atn =6

Note that the difference between the approximate
and WRM results reach up to 3%, all divergences take
place only near the point x = 0. In other points the coinci-
dence is much better.

The influence of number of terms on accuracy is
demonstrated on Fig. 8. The increase of number of terms
in Navier method up to N =100 give very good results an-
ywhere except the point of origin, where the error can reach
up to 16%. As to exponential WRM the number of terms
K =10 provides the fine accuracy anywhere but for point
x =0, where error is equal to 8%. Nevertheless, the con-
vergence to the correct result at x = 0 go slowly with in-
crease of number of terms, and perfect accuracy (less than
0.1% is attained at K= 100 for WRM, and N = 16000 for
Navier method), see Table 1. This is very common problem
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in analysis of concentrated forces [16], where correct eval-
uation of bending moment requires a large number of
terms. Nevertheless, we can note that exponential functions
are much more suitable for modelling the concentrated
forces and requires the several orders lesser terms.

M)

\!

" — -

P
—

—N=20
—N=50
— N=100
— Mexact |

e ——

—K=7

—K=10

__Max'nrt_
20 30 X

b

Fig. 8. Bending moments My, n = 6, with respect
to the number of terms in expansion: (a) Navier
method; () WRM

Now consider so-called plate solution [11] for cylin-
drical shell. It takes place when n*h’ / 12R* >1, and
n > 10 is near to this border. The plate solution is charac-
terized by following conditions of self similarity. If the
loading is given in form (11d), then all graphs for all pa-
rameters are resemble each other. Omitting theoretical ex-
planation, note that radial displacements and bending mo-
ments can be presented as function from dimensionless dis-

tance X = x/A,, , where A, =n/R in the following form:
w, () =W(/CK, s M, (x) =M,/ 24)

where the functions VIN/(x*) and M . (x*) atn > 10 almost

do not depend on number »n and follows from theoretical
solution. These theoretical finding are confirmed by results
of Table 1. As we can see from it:

— amplitudes of values of W, (x=0) are propor-

tional to (R/n)3 and values M, ,(x=0) —to R/n;

— solution domain is proportional to R/n, and we
take for construction of trial function the correspondent
values of L and L.

To show this more evidently, build the graphical de-

pendences of these artificial functions W(x*) and
M . (x"), which are constructed from real w,(x) and
M, ,(x). The latter are numerically calculated by Navier
method and WRM and reduced to above functions accord-
ing to dependances (24). These graphs for VIN/(x*) are
given on Fig. 9, a, and for A;lx(x*) — on Fig. 9, b. Evi-

dently, that at n = 6 and n = 8 the solutions are still differ
from “plate” solution, but at n > 10 all other graphs coin-
cide between themselves, thus confirming the existence of
universal “plate” solution.

W(x")-103
0.5 \
0.4
0.3
0.2

0.1

b

Fig. 9. Radial displacements (a) and bending mo-
ments (b) for larger values of n

As to accuracy and required number of terms, they
can be established from results of Table 1. Generally,
WRM requires on two order lesser terms to provide the
“perfect” accuracy than Navier method, and for “plate” so-
lution 5 terms can provide quite satisfactory results.

Conclusions

This paper is devoted to the interesting classical
problem of cylinder under concentrated radial force and in
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first time establish correct (at least, in engineering sense)
values of stresses and displacements for particular loading
(11d). Furthermore, it gives a universal instrument, we
mean exponential function in WRM, which can readily be
applicable by engineers to other practical and complicated
problems. Three methods are discussed in this paper: our
former results for long and short solutions, Navier method
and exponential functions application in WRM.

1) Detailed analysis of displacements and moments
at n=2 for loading (11d) for all three methods have
demonstrated their perfect accuracies. The availability of
two distinct separate mode of solution behavior — short
range and long range ones, generally do not prevent finding
the correct results by Navier method and WRM. Neverthe-
less, this required too many terms in expansions. So, ana-
lytical approach can be considered as a best choice treat-
ment of ovalization-like deformation.

2)Navier method is the simplest method to imple-
ment numerically. It uses the orthogonal functions, which
simplify the process of minimization of residual. Neverthe-
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3acTocyBaHHSl eKCNOHEHNiaAJbHUX (YHKIiH B MeTOli 3Ba’KeHUX HEB’A30K B
CTPYKTYPHIiil MeXaHilli HA MPUKJIa/JiI 0CeCUMETPUYHOI 3a1a4i 000JI0HKH i/ Ji€10
30cepeIsKeHuX CHII

L.B. Opumnsik, 10.11. Baii, A.B. I'puropenxo

Anomauia. Piwenns 0na yuninopuyHoi 000I0HKU NiO OI€r0 30CepeddHceHol CUlu € OOHIEI 3 OCHOBHUX NPoOieM, AKA 00360JIA€ PO32/is-
Hymu Oazamo iHWUX 8Unaokie HABAHMANCeHHs: ma ceomempii. IcHyroui piwenHs 6A3y8anUCy HA CHPOWEHUX NPUNYIEHHAX, | diana3onu
ix mounocmi 0oci 3anuwaiomocs HegiooMumu. 3azanvha ides nonszae 8 posknadi ix y paou yp'e 3a oxpyscnoio koopounamoro. Lle
3600umb 3a0auy 00 OughepeHyitino20 PieHsAHHS 8-20 NOPSAOKY GIOHOCHO 0Cb08oi Koopounamu. Ilpome 3Haxo0sicenHs 6i0n0GgioHuUx 8
611ACHUX QYHKYITI ma mouHe CniegiOHOueHHSA 8 KOHCMANM iHMe2PY8AHH 3 2PAHUYHUMU YMOBAMU BCE Wfe NePesUYIONb MONCTUBOCII
ananimuunoi 06pobku. Y yiti pobomi Mu 3aCMoCo8yEMO 3amyxaioui eKCROHeHYIlHI yHKYIT y 2anep-KIHCObKIl 8epCii Memooy 36aHCEHUX
nes sizox (M3H) 0o exaszanoeo suwe piensnns 8-20 nopsoky. Omoice, mu 6y0yemo Habopu 6a3ucHux GYHKYIl, KOICHA 3 KUX 30060~
JIbHAE SPAHUYHUM YMOBAM, 4 MAKOIC OKPYICHOMY I 0Cb0BOMY piHAHHAM pierogazu. Ocmanui 0aoms 63aEMO3ANEHCHOCII MIdiC Koe-
Giyicumamu okpysicHux ma ocbo8ux nepemiujersv 3 padianrvnumu. IJo cmocyemocsa padianvhoi pienosazu, mo 60Ha 3a00601bHAEMbC
Jue NpubIU3HO 3a PAXYHOK MiHimMizayii Hee s130K. [100i6HUM YuHOM MU Po3podUIU MemoOuKy 3acmocysanns Hag'e-nodionoi eepcii
M3H. Pesyabmamu ma ocooaueocmi 3acmocysanna M3H demanvro 062060poiomucs 0151 KOHYEHMPOBAHO20 HABAHMAIICEHHS BUOY
COS20, Wo MEMOOONIOSIUHO € HAUCKIAOHTUUM BUNAOKOM, OCKLIbKU BOHO OXONIIOE HAUOITbULY 8I0CMAHb HAO YuriHOpoM. Piuwenus ons
Hb02O UIMKO OeMOHCMPYE 084 MUNU NOBEJIHKU - 00820X8UILOGY MA KOPOMKOXGUIbOBY, AHANIMUYHA MemoouKa ix nobydosu Oyia
PO3pobIeHa nepuum agmopom 8 IHuwiti pobomi, i mym ycniwHo nopisHsana. Lleti npuxiad demoncmpye iOMIHHY MOYHICMb 080X HANI-
sananimuynux memooie, Has’e ma M3H. Byno nokazarno, wjo memoo Hag'e, xou i € npocmiwum y peanizayii, 6ce sc eumazae Habazamo
binbue 000aHKI6 (MPUHALIMHIE, HA 084 NOPSIOKU), HINC MEMOO 36ANCEHUX HEB 30K 3 BUKOPUCHIAHHAM eKCNOHEHYIUHUX QYHKYI.

Kntouosi cnosa: neckinuenna yuninopuuna 06010HKa, KOHyenmposana padianvua cuna, memoo I anepkina, memoo Has'e, mounicmo,
KIIbKICMb YleHi8, KOPOMKI ma 00821 po36's3Ku.

HpnMeHeHne IKCIIOHCHIINAJBbHBIX (l)yHKlII/Ii/i B M€TO/J1€¢ B3BCIICHHBIX HCBA30K B
CprKTypHOﬁ MEXaHUKE Ha NIpUMEPE OceCHMMeTpI/I‘IHOﬁ 3agavan 000JI0YKH mnoa
JeHCTBHEM COCPEAOTOYCHHBIX CHJI

H. B. Opsinsk, 0. I1. Baii, A.B. I'puropenxo

Annomanyusa. Pewerue 015 yurunopuyeckoi 000104Ku No0 Oeticmauem cocpedomo4eHHOU CUbl A67Aemcs 00HOU U3 YyHOamenmany-
HbIX NPOOIEM, KOMOPAs NO380Jsem paccMampusans MHozue opyeue ciyyau Haepyxcerus u ceomempuu. Cywecmsyoujue peuteHus
ObLIU OCHOBANBL HA YNPOUWEHHBIX NPEONON0NCEHUSX, U OUANAZOHBL UX MOYHOCMU 00 CUX Nop ocmaiomces Heuzsecmuvimu. Obwell udeetl
saensemcs pasnodicenue ux 8 pao Dypve no oKpysUcHOU Koopouname. Imo ceooum 3adayy K oupgepenyuaibhomy ypagueruio 8-20
nopsoka no ocegoii koopouname. Tem He menee, NOUCK COOMEEMCMBYIOWUX 8 COOCMBEHHbIX PYHKYULL U MOYHOU C8A3U 8 KOHCMAHM
UHMESPUPOBAHUS C SPAHUYHBIMU YCIOBUAMU BCE eufje HAXOOUMCS 3a NPedeaamll 603MOHCHOCHEN AHATUMUYECKO20 peuenus. B amoil
cmamove Mvl npUMEHseM 3amyxarujue IKCHOHEHYUATbHble PYHKYUU 68 2ANePKUHCKOU 8epcut Memooa e3eulenHblx Heesa3ok (MBH) k
VKA3aHHOMY YypasHeHuio 8-20 nopsioka. Habopel 6asuchvlx GyHKyuil cmpoames max, 4mo Kaxcoas u3 Hux y0oeiemeopsaen epanuyHbim
VCIOBUAM, A MAKHCE YPABHEHUAM 0Ce8020 U OKPYHCHO20 pasHosecus. Tlocieonue darom 63aumo3asucumocmu Kosgduyuenmos
OKDYIHCHBIX U OCEBbIX nepemeujeHuli ¢ paouarbhuimu. Imo Kacaemces paouaibHo20 pagHOBeCUs, MO OHO OOCMULAeMCs MOIbKO NPU-
ONUIICEHHO 3 CHenm MUHUMUZAYUU HEeBA30K. AHANOSUYHBIM 0OPA30M Mbl pa3pabomanu Memoouxy npumernerus Haevbe-nodobroil eep-
cuu MBH. I1oopobmno obcyscoaromesn pezynsmamul u ocobennocmu npumerernus MBH 0na cocpeoomouennoii Haepysku euoa cos2¢,
KOMOpas Memooudecku A6Is1emcs Haubonee CIONCHbIM CyHaeM, NOCKOIbKY OX6amvledem HAuboibuee pacCmosHue no YyuiuHop)y.
Pewienue 0ns He2o 56HO deMOHCMPUPYem 084 MUNA NOBeOeHUs: - OIUHHOBOIHOB0E U KOPOMKOBOIHOB0E, AHATUMUYECKAS. MENMOOUKA
ux nocmpoenus 6vL1a paspadbomana nepebiM asmopom 6 Opyeoli pabome, u 30ecs ObLIO YCREUHO NPOGEOeHO CpasHeHue. Dmom npumep
OeMOHCmpUpyem npeeoCcx00HYI0 MOYHOCHb 08YX ROJIYAHAIUMUYecKux Memooos, Haeve u MBH. Ilokasano, umo memoo Hasve, 6y-
Oyuu bosiee NPOCMbIM 8 peanuzayul, ce sxce mpebyem 2opazo0o Oobule crazaemvix (no Kpaiinel mepe, Ha 08a NOPAOKA), yem Memoo
636EUIEHHBIX HEBA30K C UCNONb30BAHUEM IKCHOHEHYUATLHBIX (YHKYUIL.

Knrouesvie crosa: beckoneunas yununopuyeckas 000104Kd, COCPe0OmoueHHas paouaibhas cuia, memoo I anepxuna, memoo Hasve,
MOYHOCMb, KOIUYECMEO YIeHO8, KOPOMKUE U OIUHHbIE PEULeHUs.
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