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Abstract. Solution for cylindrical shell under concentrated force is a fundamental problem which allow to consider many other cases 
of loading and geometries. Existing solutions were based on simplified assumptions, and the ranges of accuracy of them still remains 
unknown. The common idea is the expansion of them into Fourier series with respect to circumferential coordinate. This reduces the 
problem to 8th order even differential equation as to axial coordinate. Yet the finding of relevant 8 eigenfunctions and exact relation 
of 8 constant of integrations with boundary conditions are still beyond the possibilities of analytical treatment. In this paper we apply 
the decaying exponential functions in Galerkin-like version of weighted residual method to above-mentioned 8th order equation. So, 
we construct the sets of basic functions each to satisfy boundary conditions as well as axial and circumferential equilibrium equations. 
The latter gives interdependencies between the coefficients of circumferential and axial displacements with the radial ones. As to radial 
equilibrium, it is satisfied only approximately by minimizations of residuals. In similar way we developed technique for application of 
Navier like version of WRM. The results and peculiarities of WRM application are discussed in details for cos2ϕ concentrated loading, 
which methodologically is the most complicated case, because it embraces the longest distance over the cylinder. The solution for it 
clearly exhibits two types of behaviors – long-wave and short-wave ones, the analytical technique of treatment of them was developed 
by first author elsewhere, and here was successfully compared. This example demonstrates the superior accuracy of two semi analytical 
WRM methods. It was shown that Navier method while being simpler in realization still requires much more (at least by two orders) 
terms than exponential functions. 
Keywords: infinite cylindrical shell; concentrated radial force; Galerkin method; Navier method; accuracy, number of terms; short 
and long solutions.

Introduction 

The distribution of deformations in elastic infinite 
cylindrical shell under concentrated radial force is a classi-
cal problem which potentially establish the basis for solv-
ing shells under different boundary conditions, loadings, 
and material properties. In spite of classical character of the 
problem, it is relatively scarcely described in literature and 
almost not presented in handbooks on the theory of shells. 
The starting point in all existing analysis is expansion of all 
unknown parameters into Fourier series (cos , sin )n nϕ ϕ as 
to circumferential coordinate ϕ . This reduces the problem 

into 8th order even differential equation with respect to ax-
ial coordinate. Classical, most natural way of solution is 
derivation of 8 eigenfunctions with 8 unknown coefficients 
which should be related with boundary conditions [1]. But 
a very complicated form of eigenfunctions, interrelations 
of their derivatives with different physical and geometrical 
parameters prevent the practical realization of this ap-
proach.  

Historically the first was the work of Yuan [2] where 
two equal and opposite forces were considered. The gov-
erning 8th order equation was initially simplified by omit-
ting some terms and representing the looking for function 
as Fourier integral. The solution of simplified equation was 
presented in analytical form only for radial displacement. 
A little later Morley [3] slightly modernized characteristic 
equation which still allowed to get treatable eigenfunc-
tions. Later on, these and similar results were generalized 
in the monograph of Lukasiewicz [4].  
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More correct and simpler approach was suggested in 
work [5] where the expansion in Fourier series was applied 
in axial direction as well, and this unnecessitated the sim-
plification of governing equations. This method was ap-
plied by author and other investigators [6] to cylinders of 
finite length at specific boundary conditions. Yet it was 
never applied to cylindrical shell of infinite length, and this 
will constitute some novelty of present work. 

A new family of solution became available with 
elaboration by Vlasov [7] of so-called semi-membrane the-
ory of shells, which actually reduced the 8th order task to 
4th order one. Its specific feature was assumption that solu-
tion change more quickly in circumferential direction than 
in axial one. Theory of Vlasov became a very popular one, 
and several its modifications were applied to the problem 
of interest [8, 9]. Yet these papers were aimed only at der-
ivation of the maximal deflection of the point of force ap-
plication and their relative accuracies can be explained by 
overwhelming contribution of terms at smaller number of   
in expansion as to circumferential coordinate. The detailed 
review of these works was given in work [10].  

The fact that Vlasov's solution is not self-sufficient 
and needs to be supplemented by accompanied 4th order 
problem was firstly elaborated by Calladine [11]. He even 
coined the more relevant term for Vlasov-like solutions – 
long wave solution, in contrast to supplementary solution 
– short wave solution. Lately we used for brevity the terms 
“long” and “short” solutions [12, 13] and modified them. 
The latter approach was applied by us for more detailed 
analysis of action of one or two radial forces and results 
were successfully compared with FEA results [14]. 

The goal of present work consists in application of 
weighted residual method with employments of intention-
ally constructed sets of exponential functions which satisfy 
to required boundary conditions. As in paper [15] we also 
will elaborate and use for results verification the Navier 
method, which also can be considered as WRM application 
for a specific task. For particular case of we will derive and 
compare the complete analytical solution based on notions 
of short and long solution. Furthermore, the experience 
gained at preparation of work [15] will be used thought-
fully this paper. 

Problem statement and main equations 

For considered infinite shell Fig. 1 depicts all coor-
dinates (angular ϕ, axial x and radial r) and their positive 
directions; displacements in corresponding directions 
(v, u, w); membrane forces xN , N ϕ , shear force L, trans-
verse forces xQ  and Qϕ ; bending moments xM , M ϕ  
and xM ϕ . 

We use the following geometrical and equilibrium 
equations [14]: 

 0xN L
x R

∂ ∂+ =
∂ ∂ϕ ,    0

N QL
R x R

ϕ ϕ∂ ∂+ + =
∂ϕ ∂

 (1a) 

 0x Q NQ
x R R

ϕ ϕ∂∂
+ − =

∂ ∂ϕ
, (1b) 

 xx
x

MM
Q

x R
ϕ∂∂

= +
∂ ∂ϕ

,    xM M
Q

R x
ϕ ϕ

ϕ
∂ ∂

= +
∂ϕ ∂

 (1c) 

The above inner forces are related with deformations 
(membrane ,ε γ  and bending χ  strains) by physical equa-
tions:  

 ( )x xN H ϕ= − ε +με ,    ( )xN Hϕ ϕ= − ε +με , (2a) 

 xL G hϕ= − ε , (2b) 

 ( )x xM H ϕ= − δ χ +μχ ,    ( )xM Hϕ ϕ= − δ χ +μχ  (2c) 

 ( )1
2x x

HM ϕ ϕ
δ= − −μ χ . (2d) 

 

Fig. 1. Directions of geometrical and force pa-
rameters: (a) 3D view of element; (b) plane (ϕ, r), 
(c) plane (x, r) 

Here the usual designations are used: 2/ (1 )H Eh= − μ , 

/ 2(1 )G E= + μ , 2 /12hδ = , μ is Poisson’s ratio. 
The third set of equations is the geometrical one, 

which relates the displacements with strains: 

 x
u
x

∂ε =
∂

,    
1 v w
R Rϕ

∂ε = +
∂ϕ

,    
1

x
u v

R xϕ
∂ ∂ε = +
∂ϕ ∂

, (3a) 

 x
w
x

∂γ = −
∂

,    
w v

R Rϕ
∂γ = − +
∂ϕ

. (3b) 

Bending strains also depend on displacements. Their 
usual expressions are given as corresponding derivatives of 
angles of rotation ϕγ  and xγ  [11]. But strains (3a) depend 
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on variable radius and gives the contribution to bending 
strains too [14]. Eventually we will use the following mod-
ified expressions for them: 

 
2

2x
w

x
∂χ = −
∂

, (4a) 

 
2 2

2 2 2 2 2 2
v w w w

RR R R R
ϕ

ϕ
ε∂ ∂ ∂χ = − − = − −

∂ϕ ∂ϕ ∂ϕ
, (4b) 

 
2 2

2
2 2 1x

x
v w w u

R x R x R R x R
ϕ

ϕ
ε∂ ∂ ∂ ∂χ = − − = − −

∂ ∂ϕ∂ ∂ϕ∂ ∂ϕ
. (4c) 

It is convenient to give here the general expressions 
for transverse forces presented as the functions of displace-
ments: 

( )23 3

3 2 2 3 2 2
11

2x
uw w wQ H

x R x R xR

 ∂ − μ∂ ∂ ∂ μ= δ + + + 
∂ ∂ ∂ϕ ∂ϕ ∂  

   (5a) 

( )23 3

3 3 3 2 2
11

2
uw w wQ H

xR R R x Rϕ
 ∂ −μ∂ ∂ ∂= δ + + + 

∂ϕ∂∂ϕ ∂ϕ ∂ϕ∂  
 (5b) 

As usually expand all parameters in Fourier series 
along circumferential coordinate. Assume that they can be 
presented as follows. For displacements: 

 ( , ) ( ) cosnw x w x nϕ = ϕ , (6a) 

 ( , ) ( ) sinnv x v x nϕ = ϕ , (6b) 

 ( , ) ( ) cosnu x u x nϕ = ϕ . (6c) 

For forces:  

 ,( , ) ( )cosx x nN x N x nϕ = ϕ , (7a) 

 ,( , ) ( )cosnN x N x nϕ ϕϕ = ϕ , (7b) 

 ( , ) ( ) sinnL x L x nϕ = ϕ . (7c) 

For transverse forces:  

 ,( , ) ( ) cosx x nQ x Q x nϕ = ϕ , (8a) 

 ,( , ) ( )sinnQ x Q x nϕ ϕϕ = ϕ . (8b) 

For moments:  

 ,( , ) ( )cosx x nM x M x nϕ = ϕ , (9a) 

 ,( , ) ( ) cosnM x M x nϕ ϕϕ = ϕ , (9b) 

 ,( , ) ( )sinx x nM x M x nϕ ϕϕ = ϕ . (9c) 

Express all force parameters through the displace-
ments parameters and omit the lower indexes “n”, while im-
plying that all parameters relate to the given value of “n”:  

 cosv w uN H n n
R R xϕ

∂ = − + + μ ϕ ∂ 
, (10a) 

 cosx
u v wN H n n
x R R

∂ = − + μ + μ ϕ ∂ 
, (10b) 

 sinu vL Gh n n
R x

∂ = − − + ϕ ∂ 
, (10c) 

 
3 2 2

3 2 3
(1 ) cos
2x

w n w n uQ H n
xx R R

 ∂ − μ ∂ − μ= δ − − ϕ  ∂∂ 
 

 (10d) 

3 2

3 2 2
( ) (1 ) sin

2
x

n n w n w n uQ H n
R xR x R

μδ ϕ
 − ∂ − ∂ = − −
 ∂∂ 

  (10e) 

Note, that each equation of (10) contains either com-
mon multiplier cos nϕ  or sin nϕ . Furthermore, the choice 
of parameters in form (6)–(9) provides that all below equa-
tions will be proportional only to one trigonometric func-
tion. Thus, we will mostly omit them, and retain them only 
when it will be important for the signs – derivative from 
cosine give “–” and from sinus gives “+”. Substitute (10) 
into axial equilibrium equation, it gives:  

2

2
(1 ) 0.

2
 μ μ − μ  + + + − + =       

d u n dv dw u dvn n
R dx R dx R R dxdx

 (11a) 

Equilibrium equation in circumferential direction is:  

 
2

2
2 2 2

(1 )
2

v w n du n du d vn n
R dx R dxR R dx

 μ − μ + + − − + +       
 

 
2

3
3 3 2 2

(1 ) 0.
2

 δ − μ+ − − − =  
 

w w n d w n dun n
R R dxR R dx R

 (11b) 

Equilibrium in radial direction gives: 
4 2 2 2 2 2

4 2 2 4 3
(2 ) ( 1) (1 )d w n d w n n w n duH

dxdx R dx R R

 − μ − − μδ − + − +  
 

 

 2 2 ( )n
v w duH n P x

R dxR R
μ + + + = 

 
, (11c) 

where )(xPn  is known outer force specified for each value 
of “n”. In this paper we will consider the most general cases 
of loading, therefore assume that  

 ( ) 2 ( ) cosnP x x n= ⋅δ ϕ , (11d) 

where 𝛿ሺ𝑥ሻ is Dirac delta function. So, the loading (11d) is 
symmetrical with respect to the origin of coordinates x = 0, 
this allows to formulate corresponding boundary conditions.  

Application of the Navier method 

Consider Navier solution in form which satisfies to 
x = 0 symmetry. In this case we will seek the unknown 
functions ( )nw x , ( )nu x , ( )nv x  in (6) in the following 
form:  
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0

( ) cos
N

n m
m

m xw x A
L=

π =  
 

 , (12a) 

 
0

( ) cos
N

n m
m

m xv x B
L=

π =  
 

 , (12b) 

 
1

( ) sin
N

n m
m

m xv x C
L=

π =  
 

 , (12c) 

where L is specific length, which should be several times 
bigger than length of existence of nonzero solution. The 
choice of this length was discussed in [15], and will be an-
alyzed here too.  

Substitution of equations (12) into equilibrium equa-
tions (11а), (11b) at given m and n leads to the system of 
equations, which can be presented as below: 

 
1 1 1

2 2 2

;

,
m m

m m

f b g c h

f b g c h

+ =
 + =

 (13a) 

where the following designations are used: 

 m m mb B A= ;    m m mc C A= ; (13b) 

 1

2 2 2

2 2
(1 )
2

m nf
L R

π − μ= − − ;  1

(1 )
2

mng
RL

π + μ= − ; (13c) 

 ( )2 21 1
2
mnf

RL R
π δ = + μ − − μ 
 

; (13d) 

 2

2 2 2

2 2
(1 )

2
n mg
R L

π − μ= + ; (13e) 

 1

mh
RL

μ π= , 2

2
2

2 21 1n m Rh n
LR R

  δ π  = + − +       
 (13f) 

Solution of the system (13a) can be presented as:  

 2 1 1 2

2 1 1 2
m

g h g hb
g f g f

−=
−

;     1 2 2 1

2 1 1 2
m

f h f hc
g f g f

−=
−

. (13g) 

Now consider equilibrium in radial direction (11c), 
which we rewrite as:  

 cos ( )mn m n
m xH d A P x

L
π ⋅ ⋅ = 

 
, (14a) 

where 

 
4 4 2 2 2 2 2

2 4 2 2 4
(2 ) ( 1)

mn
m n m n nd
R L R L R

 π −μ π −= δ× + + −


 

 
2

3 2 2
(1 ) 1m m mn m b n c m b

RLR L R R

−μ π⋅ ⋅ μ π⋅
− + + +


. (14b) 

The outer loading )(xPn  (11d) can easily be ex-
panded into Fourier series, and is: 

 
1

1 2( ) cos
N

n
m

m xP x
L L L=

π = +  
 

 . (14c) 

So, substituting (14c) into (14a) and comparing the 
coefficients at the same cosines, then unknown coefficients 

mA  are derived from: 

 0
0

1

n
A

LH d
=

⋅
,    

2 .=
⋅m

mn
A

LH d
 (14d) 

Thus eventually we get the simple formula for each 
component of the radial displacement expansion: 

 
0 1

1 2( ) cos
N

n
n mnm

m xw x
LHd LHd L=

π = +  
 

 . (14e) 

The availability of coefficients allows to get the co-
efficient (13g) which describe two other components of the 
displacement field (12b), (12с). 

Application of exponential functions in WRM 

Interdependencies between displacements. Take 
the radial displacement in the following form: 

 1( )
kx
L

k kw x A e
−

= . (16a) 

Then two other displacements ( )ku x , ( )kv x  relate 
with it through the equilibrium equations (11a) and (11b). 
Present the above displacements as:  
 ( ) ( , ) ( )k ku x b k n w x= ⋅ ,   ( ) ( , ) ( )k kv x c k n w x= ⋅ . (16b) 

So, from (11a) and (11b) we have formally the same 
system (as (13a) in Navier method) of two equations, in 
which the respective coefficients are:  

 
2 2

2 2
1

1
(1 )
2

k nf
L R

− μ= − ;   1
1

(1 )
2

kng
RL
+ μ= − ; (16c) 

 ( )2 2
1

1 1
2

knf
RL R

δ = − + μ − − μ 
 

; (16d) 

 
2 2

2 2 2
1

(1 )
2

n kg
R L

− μ= − ; (16e) 

 1
1

kh
RL
μ= ,    

2 2
2

2 2 2 2
1

1 1n k Rh n
R R L

  δ= − + − −     
. (16f) 

The solution of which formally is also given by 
(13g), but we will for completeness rewrite them 

 2 1 1 2

2 1 1 2
m

g h g hb
g f g f

−=
−

;     1 2 2 1

2 1 1 2
m

f h f hc
g f g f

−=
−

. (16g) 

Now substitute all components of displacement into 
equilibrium equation (11c) we will get that left-side, LS, of 
it can be presented as: 
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 1( , ) ( , )
kx
L

kLS k n Z k n A e
−

= ⋅  (17a) 

where: 
4 2 2 2

4 2 2 3
1 1 1

(2 ) (1 ) ( , )( , ) k n k n k b k nZ k n
L R L R L

 −μ −μ ⋅= δ× + − +


 

 
2 2

4 2 2
1

( 1) ( , ) 1 ( , )n n n c k n k b k n
R R R RL

− ⋅ μ ⋅+ + + −


. (17b) 

Basic functions. Introduce the family of new func-
tions ( )k xΓ  and ( )k xΦ : 

 
1

( ) expk
kxx
L

 
Γ = − 

 
,    0 x≤ < ∞ , (18a) 

which is well known exponential function and new desig-
nation are used only for convenience.  

 1 2
1 1

, ,
2( ) exp expk k k

kx kxx
L L

   
Φ = α − + α − +   

   
  

 2 4
1 1

, ,
3 4exp expk k
kx kx
L L

   
+α − + α − +   

   
  

  ( )5
1

5

, ,
1

5expk k i ki
i

kx x
L =

 
+α − = α Γ 

 
 ,    0 x≤ < ∞ . (18b) 

Functions ( )k xΦ  will be used as basic functions for 
construction of displacement component ( )kw x , i.e: 

 ( )
5

,
1

( ) ( )k k k i ki
i

w x x x
=

= Φ = α Γ . (19a) 

Accounting for relations (16b) and (16g) for func-
tions ( )ku x , ( )kv x , they can be presented as:  

 ( )
5

,
1

( ) ( , )k k i ki
i

u x b ki n x
=

= α ⋅ ⋅Γ , (19b) 

 ( )
5

,
1

( ) ( , )k k i ki
i

v x c ki n x
=

= α ⋅ ⋅Γ . (19c) 

For determination of unknown coefficients ,k iα  we 
need to consider four following conditions of symmetry: 

 ( 0) (0) 0x x w′γ = = = ,    ( 0) (0) 0xQ x w′′′= = = , 

 ( 0) 0u x = = ,    ( 0) 0dv x
dx

= = . (20a) 

and conditions of decaying at infinity – which were already 
taken into account by choosing the decaying functions 

( )ki xΓ  for their construction:  

 lim ( ) 0kx
w x

→∞
= . (20b) 

To satisfy boundary conditions (20a) we chose 1,kα  
to be equal to 1, and four unknown coefficients 

, ( 2, 5)k i iα =  are expressed through it. These give four 
sets of equations for unknown coefficients: 

1) From condition ( 0) 0x xγ = =  we have:  

 
5

,
1

(0) 0k k i
i

w k i
=

′ = α ⋅ ⋅ = . (20c) 

2) Condition ( 0) 0u x = =  lead to:  

 
5

,
1

(0) ( , ) 0k k i
i

u b ki n
=

= α ⋅ = . (20d) 

3) Zero transverse force gives ( 0) 0u x = = and we 
have:  

 3
5

,
1

(0) ( ) 0k k i
i

w ki
=

′′′ = α ⋅ = . (20e) 

4) Condition for first derivative of circumferential 
displacement gives: 

 
5

,
1

(0) ( , ) 0k i
i

dv c ki n k i
dx =

= α ⋅ ⋅ ⋅ = . (20f) 

Availability of all ,k iα , according to (19a)–(19c) al-
lows to explicitly get the sets of basic functions  

( )kw x , ( ),ku x  ( )kv x . The procedure of formal construc-
tion of basic function is completed.  

It is of interest to see the behavior of the basic func-
tions ( )k xΦ . These functions, normalized on theirs values 
at point 0x = , are shown on Fig. 2, where only 1( )xΦ  is 
shown in natural scale with respect to abscissa. For all 
other functions the abscissa was scaled in k times to com-
pare their general appearance. The following shell dimen-
sions and parameters were used in construction of these 
functions: R = 40, h = 1, μ = 0.3, n = 2, L1=500. 

The next most important step of WRM is the deter-
mination and minimization of residuals.  

 

 
Fig. 2. Basic functions for radial displacement 



170 Mech. Adv. Technol. Vol. 6, No. 2, 2021 

WRM for exponential functions. The looking for 
functions are presented as the series:  

 
1

( ) ( )
K

k k
k

w x x
=

= β Φ , (21a) 

 
=

β=
K

k
kk xuxu

1
)()( ,    

=
β=

K

k
kk xvxv

1
)()( . (21b) 

Substitute one set of these functions (at given k) into 
equilibrium equation (11c) we get: 

 




−−+μ−+






⋅δΓαβ 

=
4

22

2
1

2

22

4
1

45

1
,

)1())(2()()(
R
nn

LR
kin

L
kix

i
kiikk  

=



⋅μ−+⋅+




⋅μ−−
1

22
1

3

2 ),(1),(),()1(
RL

nkibki
RR

nkicn
LR

nkibkin  

kk
i

kikik
i

kiikk xnkiZx Ωβ=Γξβ=⋅Γαβ= 
==

5

1

5

1
, )(),()( , (21c) 

where ),( nkiZ  is given by (17b), and coefficients kiξ , and 
functions kΩ  are introduced for convenience: 

 ),(, nkiZikki ⋅α=ξ , (21d) 

 )(
5

1
xki

i
kik Γξ=Ω 

=
. (21e) 

So, everything is ready for formulation of the main 
equation of WRM. Now substituting all functions (21a) 
and (21b) into equilibrium equation (11c) we get: 

 )()()(
1

5

11
xPxx nk

K

k
kki

i
ki

K

k
k =Ωβ=Γξβ 

===
. (22a) 

This is the main equation of WRM.  

Solution technique by WRM. Keeping in mind the 
results of paper [15], where the similar task was analyzed 
and investigated, we note that Galerkin variant of WRM is 
the most efficient one, especially when concentrated edge 
force is considered. The reason is that the product of radial 
force and radial displacement is the applied energy. Thus, 
multiplication of residuals on the consequent sets of radial 
displacements, and equating the integrals of their products 
over the whole length to zero – provides the minimization 
of residuals between inner and outer energy. So, Galerkin 
method has clear physical sense.  

So, multiply (22a) on functions )(xmΦ  and integrat-
ing both sides of it over the whole length, we get: 
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It can be formally presented as matrix equation: 

 mkkm YX =β , (22b) 
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Examples of calculation 

All numerical results are given for cylindrical shell 
with R = 40, h = 1, μ = 0.3. The loading case n = 2 is con-
sidered in details, also some results are given for loading 
distributions n = 6, 10, 20 and 60. 

Loading case n = 2. There are several reasons for 
detailed analysis of deformation at n = 2. First one is its 
wide practical occurrence and significance – say, it exists 
in zone of conjugation of pipe bend with straight pipe, it 
relates with initial distortion of form, any local loading, it 
leads to maximal radial displacements.  

Second one – it is most complicated case for appli-
cation of WRM. The solution has two clearly modes of be-
havior: the long and short ones [14], both of which should 
be properly modelled. So, the largest number of basic func-
tions and unknowns are needed for this case, and it was 
unclear for us at beginning whether the methods would 
give adequate results. 

The results of calculation over the whole range of 
solution existence are shown on Fig. 3. Here we present the 
dimensionless values of radial displacements according to 
the following normalization, obtained from theoretical 
considerations based on long solution [14]: 

 ( ) ( )W x C w x= ⋅ ,  
3 2

2 3 4(1 )
Eh hC

RP R
 = ⋅ − μ ⋅  

. (23) 

On example of this graph we explain the general rule 
of choosing the normalization length parameters (L in Na-
vier method and L1 in WRM). As we see from Fig. 3, a, the 
values of W(x) became small at 5001 => lx  and solution 
almost decay at 10000 =≥ lx . So, the value of L1 is chosen 
to be L1= l1, while L = 2l0 = 2000. Note, that these lengths 
are minimal ones, and we numerically investigated their in-
fluence on results. Note, that bigger values of them have 
required the corresponding increase of number of expan-
sion terms, to give the same accuracy. 

So the above numbers are considered by us as the 
optimal ones. 

Returning to the general appearance of graphs, note 
the following. First, their accuracy was proved by compar-
ison with theoretical approximate results given by [14]. At 
the whole, the difference between the results by Navier and 
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WRM with those by [14] does not exceed 0.5%, which tes-
tify about efficiency of all methods. So, graphically all re-
sults coincide between themselves, so only theoretical re-
sults are shown here. Second, theoretical analysis allows to 
separate the long and short solutions, thus confirming the 
existence of both, and on Fig. 3, b in addition to complete 
(red line) solution is shown only the long (dashed blue line) 
solution. The maximal contribution of short solution does 
not exceed 1.75%. Third, visually results for radial dis-
placement by Navier method and WRM coincides with ex-
act values at number of terms N ≥ 250 for Navier method 
and K ≥ 20 for WRM.  

a 

b 

Fig. 3. Radial displacement, n = 2, (a) – general 
view, (b) – detailed picture near the force appli-
cation point 

It is of interest to explore in details the contribution 
of number of terms in corresponding expansions on the ac-
curacy. This is illustrated by Fig. 4. 

At K = 10 WRM gives better accuracy that Navier 
method at N = 100.  

In practice, the more important are bending mo-
ments. Their theoretical values [14] as well as calculated 
by Navier method and our variant of WRM are shown on 
Fig. 5. The complete dependance of bending moments 

)(xM x  and )(xMϕ   over  the whole region is shown on 

a 

b 

Fig. 4. Radial displacement with respect the num-
ber of terms in expansion, n = 2: (a) Navier 
method; (b) WRM 

Fig. 5, a, here the discrepancies with approximate analyti-
cal solution also does not exceed 0.5%. Generally, their 
range of noticeable existence is slightly smaller than for 
displacements. The detailed picture (in vicinity of origin) 
of the moment distribution is shown on Fig. 5, b. Here the 
contribution of short solution is more salient than for dis-
placements. The full solution is shown by solid line, while 
the long one – by the dashed lines. As we see, the short 
solution exhibits itself within 30–40 mm from the begin-
ning. The contribution of short solution to ( )M xφ  is ex-
plained by existence of Poisson’s ratio in physical expres-
sion (2c). Note, that visual coincidence of analytical and 
Navier and WRM results begin from K ≥ 50 and N ≥ 4000. 

The detailed analysis of influence of number of 
terms on accuracies is shown in Table 1. Evidently that 
both Navier and WRM require much lesser term for predic- 
tion of accurate values for displacements than for mo-
ments. So, for 500 terms for Navier method and 20 terms 
in WRM are enough to provide 0.2% accuracy. As to bend-
ing moments – the number of terms should be much bigger. 
Here the short solution, which is small for displacements, 
gives a big contribution to bending moments and for its 
modelling we need to have the terms with large value of 
m – for Navier method and of k – for WRM. For example,  
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  a   b 

Fig. 5. Bending moments, n = 2, (a) – general view, (b) – detailed picture near the force application point 

Table 1. Maximum of radial displacements and moments at different numbers of terms in Navier method and WRM 

Navier method Exponential functions based WRM 
N, numbers 

of terms W(0) |Mx(0)| |Mϕ(0)| K, numbers 
of terms W(0) |Mx(0)| |Mϕ(0)| 

n = 2, L = 2000 n = 2, L1 = 500 
20 1.78095 0.93468 2.88088 5 1.77726 0.96008 2.90622 

100 1.79789 1.13471 2.98900 10 1.80343 1.33185 3.05630 
500 1.81569 2.68547 3.48045 20 1.81608 3.04185 3.58794 
1000 1.81613 3.08580 3.60119 50 1.81619 3.42964 3.70443 
8000 1.81619 3.43990 3.70752 100 1.81619 3.46914 3.71629 

32000 1.81619 3.47789 3.71892 150 1.81619 3.47379 3.71768 
64000 1.81619 3.48422 3.72082 200 1.81619 3.48515 3.72109 
512000 1.81619 3.48977 3.72248 250 1.81619 3.48648 3.72149 

n = 6, L = 250 n = 6, L1 = 80 
20 0.13428 1.57720 2.78095 5 0.13995 2.20921 3.06823 

100 0.14240 2.98943 3.34417 10 0.14250 3.22670 3.41706 
500 0.14251 3.38809 3.46581 20 0.14252 3.42700 3.47749 
1000 0.14252 3.43864 3.48099 50 0.14252 3.47921 3.49316 
8000 0.14252 3.48294 3.49428 100 0.14252 3.48589 3.49517 

16000 0.14252 3.48611 3.49523 150 0.14252 3.48779 3.49574 
64000 0.14252 3.48848 3.49594 200 0.14252 3.48858 3.49597 

n = 10, L = 50 n = 10, L1 = 15
20 0.036052 2.02626 2.36055 5 0.036148 2.26600 2.43714 
50 0.036155 2.31007 2.45065 10 0.036162 2.44069 2.49018 

500 0.036162 2.48975 2.50493 20 0.036162 2.49204 2.50562 
1000 0.036162 2.49987 2.50797 50 0.036162 2.50677 2.51003 
8000 0.036162 2.50873 2.51062 100 0.036162 2.50874 2.51063 

64000 0.036162 2.50984 2.51096 200 0.036162 2.50978 2.51094 
n = 20, L = 25 n = 20, L1 = 8 

20 0.0046238 1.05594 1.22273 5 0.0046339 1.23083 1.27717 
100 0.0046375 1.24754 1.28288 10 0.0046362 1.25941 1.28621 
1000 0.0046376 1.29284 1.29650 20 0.0046376 1.28820 1.29510 
8000 0.0046376 1.29727 1.29783 50 0.0046376 1.29741 1.29787 

64000 0.0046376 1.29782 1.29799 100 0.0046376 1.29769 1.29795 
n = 60, L = 8 n = 60, L1 = 3 

20 0.00017120 0.35581 0.40931 5 0.00017130 0.41874 0.42836 
100 0.00017165 0.41725 0.42853 10 0.00017163 0.41987 0.42928 
1000 0.00017165 0.43175 0.43289 20 0.00017165 0.43122 0.43273 
8000 0.00017165 0.43316 0.43331 50 0.00017165 0.43299 0.43325 

64000 0.00017165 0.43334 0.43336 80 0.00017165 0.43336 0.43337 
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50 terms in WRM give 2% accuracy, while 1000 Navier 
terms give only 10% accuracy; 100 WRM terms – 0.5% 
and 32000 Navier terms – 0.3%. At the whole WRM re-
quires for this task approximately in 2 order lesser terms 
for similar accuracy.  

Graphically the influence of number of terms on cal-
culated moments are shown on Fig. 6. Thus, on Fig. 6, a 
the results by Navier method are presented. We can see that 
for N > 1000 there is a visual correspondence of calculated 
results with exact ones, the divergence exists only in vicinity 
of the origin. For WRM, the results visually coincide starting 
from K > 20, of course with exception of the point of origin.  

 
a 

 
b 

Fig. 6. Bending moments Mx, n = 2, with respect 
to the number of terms in expansion: (a) Navier 
method; (b) WRM 

Loading case n ≥ 6. The similar behavior as for 
n = 2 pertains for small values of n = 3, 4, 5 and also have 
two visually distinct range of influence – short and long 
solutions. Yet with increase of value of n – the shorter so-
lution become more longer and vice versa. The value 

6 / 40n R h= ≈ =  is considered here as a crucial one, 
where the basic hypothesis of both solutions may became 
violated. So, this case 6n =  is very attractive, and it can be 
analyzed here from two points of view – a) as long and 
short solution, b) and as a plate like solution. The later was 

mentioned in work [11], and will be considered here as 
well. 

Detailed distribution of radial displacement is 
shown on Fig. 7, a. Shown here is a theoretical short and 
long solution, where dashed line is a long solution and a 
solid red line – sum of short and long. The Navier and 
WRM results are almost coincide with it, so we do not 
show them here. The same is related to the distribution of 
bending moments, Fig. 7, b.  

 
а 

 
b 

Fig. 7. Detailed picture near the force application 
point of radial displacement (a) and bending mo-
ments (b), at n = 6 

Note that the difference between the approximate 
and WRM results reach up to 3%, all divergences take 
place only near the point x = 0. In other points the coinci-
dence is much better. 

The influence of number of terms on accuracy is 
demonstrated on Fig. 8. The increase of number of terms 
in Navier method up to N = 100 give very good results an-
ywhere except the point of origin, where the error can reach 
up to 16%. As to exponential WRM the number of terms 
K = 10 provides the fine accuracy anywhere but for point 
x = 0, where error is equal to 8%. Nevertheless, the con-
vergence to the correct result at x = 0 go slowly with in-
crease of number of terms, and perfect accuracy (less than 
0.1% is attained at K = 100 for WRM, and N = 16000 for 
Navier method), see Table 1. This is very common problem 
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in analysis of concentrated forces [16], where correct eval-
uation of bending moment requires a large number of 
terms. Nevertheless, we can note that exponential functions 
are much more suitable for modelling the concentrated 
forces and requires the several orders lesser terms. 

 

 
a 

 
b 

Fig. 8. Bending moments Mx, n = 6, with respect 
to the number of terms in expansion: (a) Navier 
method; (b) WRM 

Now consider so-called plate solution [11] for cylin-
drical shell. It takes place when 4 2 212 1>n h R , and 
n ≥ 10 is near to this border. The plate solution is charac-
terized by following conditions of self similarity. If the 
loading is given in form (11d), then all graphs for all pa-
rameters are resemble each other. Omitting theoretical ex-
planation, note that radial displacements and bending mo-
ments can be presented as function from dimensionless dis-
tance nxx λ=* , where Rnn =λ  in the following form:  

 3*)(~)( nn CxWxw λ= ;   nxnx xMxM λ= )(~)( *
, , (24) 

where the functions )(~ *xW  and )(~ *xM x  at n ≥ 10 almost 
do not depend on number n and follows from theoretical 
solution. These theoretical finding are confirmed by results 
of Table 1. As we can see from it:  

– amplitudes of values of )0( =xWn  are propor-

tional to 3)/( nR  and values )0(, =xM nx  – to nR / ; 

– solution domain is proportional to nR / , and we 
take for construction of trial function the correspondent 
values of L and L1. 

To show this more evidently, build the graphical de-
pendences of these artificial functions ( )W x∗  and 

( )xM x∗ , which are constructed from real )(xwn  and 
)(, xM nx . The latter are numerically calculated by Navier 

method and WRM and reduced to above functions accord-
ing to dependances (24). These graphs for )(~ *xW  are 

given on Fig. 9, a, and for ( )xM x∗  – on Fig. 9, b. Evi-
dently, that at n = 6 and n = 8 the solutions are still differ 
from “plate” solution, but at n ≥ 10 all other graphs coin-
cide between themselves, thus confirming the existence of 
universal “plate” solution.  

 

 
a 

 
b 

Fig. 9. Radial displacements (a) and bending mo-
ments (b) for larger values of n 

As to accuracy and required number of terms, they 
can be established from results of Table 1. Generally, 
WRM requires on two order lesser terms to provide the 
“perfect” accuracy than Navier method, and for “plate” so-
lution 5 terms can provide quite satisfactory results.  

Conclusions 

This paper is devoted to the interesting classical 
problem of cylinder under concentrated radial force and in 
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first time establish correct (at least, in engineering sense) 
values of stresses and displacements for particular loading 
(11d). Furthermore, it gives a universal instrument, we 
mean exponential function in WRM, which can readily be 
applicable by engineers to other practical and complicated 
problems. Three methods are discussed in this paper: our 
former results for long and short solutions, Navier method 
and exponential functions application in WRM. 

1) Detailed analysis of displacements and moments 
at n = 2 for loading (11d) for all three methods have 
demonstrated their perfect accuracies. The availability of 
two distinct separate mode of solution behavior – short 
range and long range ones, generally do not prevent finding 
the correct results by Navier method and WRM. Neverthe-
less, this required too many terms in expansions. So, ana-
lytical approach can be considered as a best choice treat-
ment of ovalization-like deformation.  

2) Navier method is the simplest method to imple-
ment numerically. It uses the orthogonal functions, which 
simplify the process of minimization of residual. Neverthe-

less, its success is explained by simple boundary condi-
tions, which allows to apply the corresponding expansion. 
Navier method has very restricted perspectives for further 
application to finite bodies with different loading and 
boundary conditions. Besides, it requires sometimes pro-
hibitively large number of terms.  

3) Application of exponential function in WRM is a 
very instrumental for various practical tasks. Generally, 
their application required in two order lesser terms of ex-
pansion as compared with Navier method. These functions 
are very easy to handler with in differentiation and integra-
tion and relatively easy allows to satisfy all boundary con-
ditions. This opens a wide perspective of their future appli-
cation.  

4) For concrete task of cylindrical shell with 
40/ =hR , the approximate analytical short and long solu-

tions is still able to give correct behavior up to n = 6, which 
is hR /≈ , where the maximal difference reach 3%. As 
to larger n, starting from n = 10, all solutions are self simi-
lar and can be considered as universal “plate” type solutions. 

References 

[1] D. Ren and K.-C. Fu, “Solutions of complete circular cylindrical shell under concentrated loads”, Journal of engineering me-
chanics, vol. 127, no. 3, pp. 248–253, 2001. doi: 10.1061/(ASCE)0733-9399(2001)127:3(248) 

[2] S.W. Yuan, “Thin cylindrical shells subjected to concentrated loads”, Quarterly of Applied Mathematics, vol. 4, no. 1, pp. 13–
26, 1946. doi.org/10.1090/qam/16031 

[3] L.S.D. Morley, “The thin-walled circular cylinder subjected to concentrated radial loads”, The Quarterly Journal of Mechanics 
and Applied Mathematics, vol. 13 (1), pp. 24–37, 1960. doi: 10.1093/qjmam/13.1.24 

[4] S. Lukasiewicz, Local loads in plates and shells, Warszawa: PWN-Polish Scientific Publishers, 1979. 
[5] P.P. Bijlaard, “Stresses from radial loads in cylindrical pressure vessels”, Welding Journal, vol. 33 (12), pp. 615–623, 1954. 
[6] K. Mizoguchi, H. Shiota and K. Shirakawa, “Deformation and stress in a cylindrical shell under concentrated loading: 1st report, 

Radial loading”, Bulletin of JSME, vol. 11 (45), pp. 393–403, 1968. doi.org/10.1299/jsme1958.11.393 
[7] V.Z. Vlasov, General theory of shells and its applications in engineering, Washington: National Aeronautics and Space Ad-

ministration, 1964. 
[8] B.V. Nerubailo, “Radial displacement of a long cylindrical shell subjected to radial concentrated forces”, Soviet Applied Me-

chanics, vol. 10, pp. 1128–1131, 1974. doi: 10.1007/BF00882358 
[9] V.P. Ol'shanskii, “Maximal deflection of cylindrical shells under a concentrated force”, Strength of Materials, vol. 22, pp. 1523–

1526, 1990. doi: 10.1007/BF00767243 
[10] V.P. Shevchenko, “Fundamental-solution methods in stress-concentration problems for thin elastic shells”, International Ap-

plied Mechanics, vol. 43, pp. 707–725, 2007. doi: 10.1007/s10778-007-0070-2 
[11] C.R. Calladine, Theory of shell structures. Cambridge University Press, 1983. doi: 10.1017/CBO9780511624278 
[12] I. Orynyak, A. Bogdan and I. Selivestrova, “The application of long and short cylindrical shell solutions for stress and flexibility 

determination in a single mitred bend”, Proceedings of the ASME 2016 Pressure Vessels and Piping Conference, 2016. doi: 
10.1115/PVP2016-63598 

[13] I. Orynyak and A. Oryniak, “Efficient solution for cylindrical shell based on short and long (enhanced Vlasov’s) solutions on 
example of concentrated radial force”, Proceedings of the ASME 2018 Pressure Vessels and Piping Conference, 2018. 
doi: 10.1115/PVP2018-85032 

[14] A. Oryniak and I. Orynyak, “Application of short and long (enhanced Vlasov's) solutions for cylindrical shell on example of 
concentrated radial force”, J. Pressure Vessel Technol., vol. 143 (1): 014501, 2021. doi: 10.1115/1.4047828 

[15] I.V. Orynyak and Y.P. Bai, “Application of exponential functions in weighted residuals method in structural mechanics. Part 1: 
axisymmetrical shell problem”, Mechanics and Advanced Technologies, no. 3 (90), pp. 19–28, 2020. doi: 10.20535/2521-
1943.2020.0.209618 

[16] S.P. Timoshenko, S. Woinowsky-Krieger, Theory of plates and shells. 2nd ed. New York, USA: McGraw – Hill, 1959. 
 



176 Mech. Adv. Technol. Vol. 6, No. 2, 2021 

Застосування експоненціальних функцій в методі зважених нев’язок в 
структурній механіці на прикладі осесиметричної задачі оболонки під дією 
зосереджених сил 
І.В. Ориняк, Ю.П. Бай, А.В. Григоренко  

Анотація. Рішення для циліндричної оболонки під дією зосередженої сили є однією з основних проблем, яка дозволяє розгля-
нути багато інших випадків навантаження та геометрії. Існуючі рішення базувались на спрощених припущеннях, і діапазони 
їх точності досі залишаються невідомими. Загальна ідея полягає в розкладі їх у ряди Фур'є за окружною координатою. Це 
зводить задачу до диференційного рівняння 8-го порядку відносно осьової координати. Проте знаходження відповідних 8 
власних функцій та точне співвідношення 8 констант інтегрування з граничними умовами все ще перевищують можливості 
аналітичної обробки. У цій роботі ми застосовуємо затухаючі експоненційні функції у галер-кінській версії методу зважених 
нев’язок (МЗН) до вказаного вище рівняння 8-го порядку. Отже, ми будуємо набори базисних функцій, кожна з яких задово-
льняє граничним умовам, а також окружному і осьовому рівнянням рівноваги. Останні дають взаємозалежності між кое-
фіцієнтами окружних та осьових переміщень з радіальними. Що стосується радіальної рівноваги, то вона задовольняється 
лише приблизно за рахунок мінімізації нев’язок. Подібним чином ми розробили методику застосування Нав'є-подібної версії 
МЗН. Результати та особливості застосування МЗН детально обговорюються для концентрованого навантаження виду 
cos2ϕ, що методологічно є найскладнішим випадком, оскільки воно охоплює найбільшу відстань над циліндром. Рішення для 
нього чітко демонструє два типи поведінки - довгохвильову та короткохвильову, аналітична методика їх побудови була 
розроблена першим автором в іншій роботі, і тут успішно порівняна. Цей приклад демонструє відмінну точність двох напі-
ваналітичних методів, Нав’є та МЗН. Було показано, що метод Нав'є, хоч і є простішим у реалізації, все ж вимагає набагато 
більше доданків (принаймні, на два порядки), ніж метод зважених нев’язок з використанням експоненційних функцій. 
Ключові слова: нескінченна циліндрична оболонка, концентрована радіальна сила, метод Галеркіна, метод Нав'є, точність, 
кількість членів, короткі та довгі розв'язки. 

 

Применение экспоненциальных функций в методе взвешенных невязок в 
структурной механике на примере осесимметричной задачи оболочки под 
действием сосредоточенных сил 
И. В. Орыняк, Ю. П. Бай, А.В. Григоренко  

Аннотация. Решение для цилиндрической оболочки под действием сосредоточенной силы является одной из фундаменталь-
ных проблем, которая позволяет рассматривать многие другие случаи нагружения и геометрии. Существующие решения 
были основаны на упрощенных предположениях, и диапазоны их точности до сих пор остаются неизвестными. Общей идеей 
является разложение их в ряд Фурье по окружной координате. Это сводит задачу к дифференциальному уравнению 8-го 
порядка по осевой координате. Тем не менее, поиск соответствующих 8 собственных функций и точной связи 8 констант 
интегрирования с граничными условиями все еще находится за пределами возможностей аналитического решения. В этой 
статье мы применяем затухающие экспоненциальные функции в галеркинской версии метода взвешенных невязок (МВН) к 
указанному уравнению 8-го порядка. Наборы базисных функций строятся так, что каждая из них удовлетворяет граничным 
условиям, а также уравнениям осевого и окружного равновесия. Последние дают взаимозависимости коэффициентов 
окружных и осевых перемещений с радиальными. Что касается радиального равновесия, то оно достигается только при-
ближенно за счет минимизации невязок. Аналогичным образом мы разработали методику применения Навье-подобной вер-
сии МВН. Подробно обсуждаются результаты и особенности применения МВН для сосредоточенной нагрузки вида cos2ϕ, 
которая методически является наиболее сложным случаем, поскольку охватывает наибольшее расстояние по цилиндру. 
Решение для него явно демонстрирует два типа поведения - длинноволновое и коротковолновое, аналитическая методика 
их построения была разработана первым автором в другой работе, и здесь было успешно проведено сравнение. Этот пример 
демонстрирует превосходную точность двух полуаналитических методов, Навье и МВН. Показано, что метод Навье, бу-
дучи более простым в реализации, все же требует гораздо больше слагаемых (по крайней мере, на два порядка), чем метод 
взвешенных невязок с использованием экспоненциальных функций. 
Ключевые слова: бесконечная цилиндрическая оболочка, сосредоточенная радиальная сила, метод Галеркина, метод Навье, 
точность, количество членов, короткие и длинные решения. 
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