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Abstract. Sharp wave treatment for 1-D gas dynamic problem is still a challenge for modern numerical methods. They ofien require
too many space and time steps, produce spurious oscillation of solution, exhibit a strong numerical dissipation or divergence of results.
This paper is further extension of authors’ idea of employment the analytical solution for space coordinate, where time step is a
parameter which used in the space solution. Its peculiarity consists in development of additional linearization procedure of dependence
between the pressure and density. It is performed in premise that actual pressure for each space element is close to the basic pressure,
attained at previous moment of time. The efficiency of method is tested on the very popular task of Sod, where two different ideal gases
in a tube are separated by diaphragm, which is suddenly broken. The problem considered in Lagrangian coordinates formulation. The
results obtained show the very good method efficiency, which requires the essentially lesser time and space steps, leads to no spurious
oscillation and give consistent and predictable results with respect to meshing. The accuracy of method is mostly controlled by time
step, which should be larger than clearly stated theoretical lower limit. Other advantage of method is that it can calculate the process
to any desired time moment, and space meshing can be variable in time and space and can be easily adapted during the process of

calculation.
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Introduction

Finite difference method in application to 1D gas dy-
namic problem was, seemingly, the first example of numer-
ical integration of partial differential equations [1]. Its
origin was necessitated by that the traditional analytical
techniques such as method of characteristics or Fourier
method of variables separation were suitable only for linear
problems such as linear hydrodynamic or solid deformable
bodies. For gas the main variables are interrelated by
highly nonlinear equations of state, which complicates the
analytical treatment.

Most finite difference methods were ineffective as to
treatment of problems with discontinuities and produced
spurious oscillations near the shock front. Von Neumann
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and Richtmyer [2] inserted in numerical scheme the artifi-
cial viscosity term which somehow averaged the positions
of several points. Lax [3] suggested the triangular scheme,
which was not suitable for the small time steps and employ
only linearly distributed initial states. Godunov’s method,
known as finite volume method [4] was the important step
development of the numerical methods in general and was
based on the integral form of the method of characteristics.

The state of art of these early methods was outlined
in work [5]. Among the very detailed consideration of the
most popular and effective numerical schemes, this work
is remarkable by that it gives the theoretically elaborated
exact solution for the shock tube problem. In this task two
gases in different initial states were separated by dia-
phragm, which is suddenly completely broken, and this in-
duces the shock waves in both parts. This task becomes the
effective test benchmark for many subsequent numerical
schemes.

All above methods were explicit ones, where the
state of the given point at the next time moments was
simply calculated from the states of some neighboring
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points at previous moment. This is explained by the short-
age of computational power at that time. The explicit me-
thods are only conditionally stable and their accuracy is
provided only within short time range.

The modern FD methods [6,7] and finite volume
methods [8] are mostly implicit. It means that resulting
FDM equations contain several unknown parameters at the
next moment of time and calculation can be performed
only for the whole piping system as solution of the equa-
tions system. The implicit methods are intendent as for
slow as for fast transient processes and they allow to con-
siderer complex multibranched geometries. The high com-
putational cost of implicit methods can be partly compen-
sated by implementation of the adaptive time step and spa-
tial grid strategy [9] depending on the relative rate of dy-
namic process.

The development of methods for numerical treat-
ment of 1D gas dynamic problems is still a relevant issue.
They are applied for examination of: the impact of the hy-
drogen blended natural gas on the linepack energy under
emergency scenarios of the pipeline operation [10]; for
treatment of dynamic processes for very complicated ma-
rine pipelines with application of new enhanced state equa-
tion of highly compresses natural gas [11]; for modeling of
transient processes in a gas during the local leak [12] and
global fracture of pipeline [13].

In recent decades, the wide attention has attracted
the simulation of 1D pressure waves in the in nuclear reac-
tor system [14]. They can be induced by: the rapid closing
or opening of system devices, such as pump-valve [15];
steam bubble collapse [16]; loss-of-coolant accident
(LOCA) due to leak in piping system [17].

The most known tool of treatment of transients in
compressive media in nuclear power plant is the software
RELAP, which is developed in Idaho National Laboratory.
In its resent version, RELAP-7, the governing differential
equations are discretized using a continuous Galerkin finite
element method, and the resulting discrete equations are
stabilized by artificial viscosity called the Entropy Viscosi-
ty Method [18]. Its accuracy is also demonstrated among
other by comparison with solution of Sod [5].

In Electricite De France the specialized software Eu-
roplexus is developed during the long time. It is based on
finite volume method using the arbitrary Lagrangian—Eu-
lerian formulation for the resolution of the fluid problem
and is able to take into account for the abrupt changes in
area and junction of complex piping complex junctions
[19]. The comprehensive assessment of accuracy and pe-
culiarities of the method application [19] was performed in
subsequent work [20], where among other the Sod task was
analyzed.

The goal of this work is further elaboration of our
semi analytical scheme [21], but now in application to gas
dynamic problem. Accounting for the principal novelty of
the method it will be verified only on example of the Sod’s
task, so many equations are considered in simplified form

only. The aim is to show that our method is perfectly suit-
able for description of steep wave front — actually this task
is the most complicated one in gas dynamic problem. The
task is considered in Lagrangian formulation.

Governing equations

Start from the governing equations of the gas dy-
namic problem. Contrary to [21] analysis of behavior of the
rod, where only two parameters were used, here 4 parame-
ters, which characterize the state of the gas in any point, are
used. Other difficulty, as compared with [21], lies in non-
linearity of the governing equations, which need to be lin-
earized in calculation process.

Write down two basic differential equations in La-
grangian coordinates, which are related with each particu-
lar gas point (elementary mass) rather than with given point
of pipeline, as used in Euler coordinates.

Start from equation of flow continuity (defor-
mation). Consider the element of mass of the gas, Am . Ini-
tially it occupies some volume V', and confined within the

pipe length section Ax
Am=pVy, (1a)
(1b)

where S, — is the area of pipe section, where the given

Vy = SyAx

mass was initially placed, p, is the density of the gas in
initial state, and Ax is the difference between the initial
position of the right and left borders of this mass. During
the transient process the left border of this mass is located
in space point with absolute coordinate U,(¢), and the

right side of it — in point U, (f) where ¢ is the moment of

time. The change of volume of this element Am is given
by formula:

(2a)

here S is the area of pipe section, where the element Am
is located at considered moment of time. Introduce the no-
tion of volumetric deformation, €

e = AV (@) _ (L. (t)—L;(1))S—AxS,
4 S,y Ax
(U, (0)-U;(1))S - Ax S,

= . 2b
Sy Ax (2b)

AV ()= (L. ()~ L, (1)) S - Ax S, ,

If the area is constant along the whole pipeline, then defor-
mation becomes:
8=AVU)=(L(0—QU»S—Ax%
Vs Sy Ax
(U,(&)-U,;(1))S - Ax S, . dU (x,t)
Sy Ax dx

(2b)
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Where U (x,¢) is the displacement (change of posi-

tion) of any gas material point. On the other hand, from
physical consideration we know, that the volumetric defor-
mation of gas is proportional to the gas density in given
state, p(x). So, equating the physical notion of defor-

mation and its geometrical definition (2b) we get:

dU _ Po —p(x,2)

dx p(x)

Equation (2c) is equation of continuity. It is the first
main differential equation of gas dynamic task.

Second equation is the force equilibrium (momen-
tum) equation. To get it, note that inertial force of elemen-
tary mass Am should be equilibrated by gain of inner pres-
sure AP:

(20)

d*U

AR AT

=0. 3)

Differential equations for gas flow (2¢) and (3) are
called in literature as hydraulic equations [22]. They
mainly are responsible for the dynamical phenomena and
gas flow. So, historically the researchers paid more atten-
tion for them, while assuming the temperature to be the
constant or consider the adiabatic processes [6, 23]. For
non-isothermal processes, where the heat exchange take
place, very often the task is broken on two constituents —
initially the hydraulic task is solved, for example for pres-
sure and velocity, and then other two main parameters are
determined from equation of state and the equations of con-
servation of energy [24, 25].

In simplified form, for ideal gas without thermal ex-
change with environment, these two equations are the fol-
lowing:

P
:_’ 4
P="27 (42)
k-1
k
Z{EJ , (4b)
Iy \BK

where T'is the temperature, R is the universal gas con-
stant, and k is adiabatic constant for given gas. Substitut-
ing the temperature 7 from (4a) into energy equation (4b),

we get:
1

_Q_PET
Po o

Now we are able to write the exact mathematical for-
mulation of the given problem. Reformulate the equation
of continuity (2¢) by considering for relationship (4c):

1
dU(x)_ PR, 2_1
dx |\ P(x) '

(40)

(5a)

So, now we have two governing differential equa-
tions (3) and (5a) both written in terms of displacement and
pressure. But equation (5a) is nonlinear one. To linearize it
present the inner pressure P(x) for each considered mass

element as the sum of some basic constant value £, and

correction function P, (x):

P(x) =P, +P,(x). (5b)

It is assumed that basic value is much larger than the
correction one:
P> P (). (50)
Thus, inserting (5b) into (5a), obtain:

1

2 —1/k
dU Pk P,
__+1:(é} @+;%QJ — oy —0,P(x). (5d)

Where the following coefficients are introduced:

1 1
IAG Bk 1
_O = (X] 5 _O - = az .
B, B) kA
For the sake of convenience, rewrite two governing
differential equations together:

(3¢)

4 (x) = (0‘1 ‘U‘%Ps (%) 5 (6a)
dx

dP(x) d’U(x)

P prat (6b)

Take the derivative by x from first equation and
combine these two equations to exclude the correction
pressure P,(x). These two equations with two variables

P(x)and U (x) can be reduced to one differential equa-

tions in partial derivatives with respect to x and ¢, which
resembles very much that considered by us for the task of
rod impact:

d*u

a*u
S 2

dx—z =0. (6C)

a,p

Description of semi analytical method for
1-D gas dynamic

The technique of solution is very similar to that for
the impact rod problem [21].

The gas as material body is divided on small elemen-
tary masses, Am’, where 1< j <J . For the case of equal
pipe area, it is reduced to the division of the whole initial
length of gas on the sections Ax/ =1/ . Here we will con-
sider that initial lengths of each elementary mass (sections)
are the same, but this is not necessarily for the method ap-
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plication, and will be discussed later. All subsequent equa-
tions are common for each element, and usually we will
omit the upper index of space element “ j ™.

Consider the equal intervals of time Az . Considered
discrete moments of time are given by the following ex-
pression:

ti=At-i (i=0,1...,5,i+1..). (7a)
So, all other parameters in the given moments of time will
contain the lower indexes i . Apply the simplest finite dif-

2
ference scheme with respect to time integration of ?

t
term — the central scheme, which is centered in the moment
of time equal to ¢,_;, then equation (6¢) is written as:

d*U, U, (x)-2U, +U,
tz(x) _(Cl‘_l )2 i (X) i-1 (;C) i-2 (x) =0. (7b)
dx At
Where:
(Ci—l )2 =041 Po- (7¢)

So, within each element 0<x<// the displacement is
considered as continuous function of local length coordi-
nate x . Then equation (7b) can be rewritten as:

d’U, (x)

5O () =8 (Wi (%) ~Uia (x)) = 42,4 (%),
(7d)

Where for convenience we introduced the special designa-

tion for the right side of equation:

Zy(x)=2U;, (x)-U;, () (7e)
and constant ¢,_; :

(c)r2=b". 79)

To solve the differential equation (7d) we need to
specify its right-side, i.e. present function Z,_ (x) as the
polynomial expansion up to second order:

Z(x)= cf,_l +cf_1 -x+c§_1 ¥, (8a)

Which eventually allows to obtain give the following solu-
tion for two main parameters of the problem within each
elementary mass (section) [21]:

Ui (x)=U, oK, (x)+0, (Pb_Pi,O )Kz (x)+cp (1-K,(x))

il (K (x)) + b (x2+b£2(1-1<1(x))j+(oc1—1)1<z(x);
(8b)

vk, (x)

B(x)=-U, +F K, (x)+Pb(1_K1(x))

2

K (x) o, —1 ol
wt ) o=l e 2ok
% o o ( l(x)) Oﬂz( 1(x))
203_1

(8¢)

Where functions K, (x) and K, (x) are so-called gener-

alized Krylov’s functions:

K (x)=ch(xb); K, (x)=sh(xb)/b. (8d)
Which have the remarkable properties:
K| (x)=b°K, (x); K5 (x)=K,(x). (8e)

The solutions (8b) and (8c) are given in form suitable for
application of transfer matrix method, which is very popu-
lar in analysis of 1D problems [26], especially in structural
mechanics [27]. Application of formulas (8b) and (8c) for
each elementary mass section Ax , application of conjuga-

tion (continuity) equations at the border between any
neighboring mass sections:

uf (V)=uM(0); B(F)=R(0) (8D

and boundary conditions at both outer boundaries, allow to
complete the mathematical statement of problem at given
moment of time.

To go to next moment of time we need to perform
two additional procedures. First to find new function
Z;(x) (8a), and, second, to choose new basic value of

pressure P, . Present U, (x)as

U; (x) = 0, K, (x) +B;K5 (x) + D; (x). (9a)

Where D;(x) is second order polynomial. The values of
coefficients o, B; and polynomial D;(x) can easily be
got by comparing (8b) with (9a) [21]. Next step is expan-
sion of Krylov’s functions into polynomial series. So, we
get U, (x) as second order polynomial. The last step in get-
ting Z,(x) is to find the linear combination (7¢) of ex-
panded now U, (x) with previously expanded U,_, (x).
As to choosing of B, with respect to which the line-
arization is performed. Similarly as to U; (x) in (9a), pre-

sent the solution for pressure P (x) (8c) in form:

B (x)= o pKi(x)+B; pK, (x) + D p(x).

1

(9b)

We can define B, for the next time step i+1 as the mean
value of P, (x) (9b), thus:

Ax
Bin= J(ai,PKl (X)+B, K, (x)+Di,P(x)) dx. %0
0

1
Ax
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Taking into account the expressions for Krylov’s functions
(8d) and polynomial terms in (8c), we get:

0y p-b-sh(17-b)+B, p (ch (1 -b)-1)
b’

Pb,i+1 =

()
o -1 ¢ 2 /i

+5,;+ (9d)

o, 125)

So, all theoretical background is outlined and we can cal-
culate and analyze the real examples.

Analysis of the Sod’s task

The initial data are given on Fig. 1 [5, 20].

Left-side high-pres-
sure chamber

Right-side low-pressure
chamber

P=1bar, p=1k—g3 P=0.1bar, p=0.125k—g3
m m

x=0m ‘ ‘x=0.5m ‘ ‘ x=1m

Fig. 1. Sketch of the single-phase gas shock-tube
with closed (U = 0) boundary conditions at the

inlet (x=0m) and at the outlet (x=1m) of the
pipe

The pipe of length 1m consists of two equal (0.5 m)
chambers separated by diaphragm. The left-side chamber

. . . ki
contains the ideal gas at P =1bar and density p =1 ;gs
m
The initial parameters for left-side gas are P =0.1bar and
ki . . . S
p=0.125 ;i The ideal gas is characterized by adiabatic
m

constant k=1.4. At initial (zero) time moment the dia-
phragm is broken, and transient process starts. So, the task
is the description of the wave propagation process along
the tube.

Here we will use the previous finding [21] as to the
method stability; the spurious oscillation might occur when
the time step is lower than allowable. Due to employment

of three term polynomial expansion of function Z;_, (x) it

is expected that minimal allowable time step should satisfy
the following inequality for each element of mass j [21]:

1'p’ <5. (10a)

Accounting for expression for b :

L . L)
I/ B |k
—py =— Po I fo . (10b)
kP, S\NER \\ B,

So, the stability of method depends not only from initial me-

shing, which is controlled by factor of initial state — /IST? .
0

Stability also depends from possible rarefaction. For exam-
ple, if the basic (mean) pressure at some moment become 5
time smaller than that at the beginning, than minimum time
interval should be at least 4 times larger, than was initially
established. Note, that in such cases it is possible to make
more fine meshing as to space element lengths. The semi-
analytical method is very easily adjustable to length modi-
fications.

Make additional comment as to the method stability
as compared with the most popular ones. The usual require-
ment in literature is that [19]:

At<08-17. (10c)

So, the requirements (10b) and (10c) are quate opposite —
our method is more stable at larger time interval, while
other methods require lesser time intervals.

As in work [21] demonstrate that main meshing pa-
rameter which controls the accuracy is the time interval,
while the length of element, provided it satisfies the re-
quirement of stability (10b), has lesser influence on accu-
racy. Choose the moment of time T =4.5125-10" ¢,

which was considered in works [5, 20], and calculate the
distribution of pressure along the whole pipe.

Show that length of element has the lesser im-
portance on accuracy of results. Fix the time interval At

such as to arrive for the considered time moment 7j,, in

five time steps, i.e.:

(11a)

Consider 4 different space meshing, which are char-
acterized by number J, of evenly spaced elements:

a)J=10,1 =im; b)J =20, =Lm; ¢) J =100;
10 20

d) J =1000. The results of calculation are shown on Fig. 2.
As one can see, the number of space elements has almost
no influence on the calculated results. In all these cases the
requirement of stability was fulfilled at initial moment of
time (¢=0), and the corresponding maximal values of

1’b’/ for all elements are given on the figures. At subse-
quent time moments the values of B, become smaller, so

max(//b’) for J =10 may become around 7 at the time
of interest 7, . Nevertheless, visually the results for J =10

are stable.

Now demonstrate that time step interval is main
meshing parameters which controls the accuracy of results.
Fix the number of space elements J =500 . The different

time intervals will be chosen to arrive to time moment 7;, an
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0 02 0.4 0.6 0.8 1
X

a)J =10; max (1'p") =335

0.6

0 02 0.4 0.6 0.8 1
X

¢) J =100; max(lfbf) ~ 0335
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0.6

0 02 0.4 0.6 0.8 1
X

b) J =20; max (I'b’ ) =1.67

0.6

0 02 0.4 0.6 0.8 1
X

d) J =1000; max(szf) ~0.0335

Fig 2. The results of calculation of pressure at the moment of time 7, =4.5125- 107 ¢ for the same time step

T
At = ?0 , but for different number of space elements: a) J =10; b) J =20; ¢)J =100; d)J =1000

integer number of time steps. For convenience, introduce the
notion of unitary time step T :

_5

T .
20

(11b)

And take the following intervals of time: Af = {2‘c;§r;

0.47;0.27;0. lt} , which means that corresponding num-
ber, ii, of time steps are: ii = {10,30,50,100,200} . The re-
sults of calculations (except forii =100 ) are shown on Fig 3.
Fig. 3 clearly demonstrates the prevailing effect of the time
step on the results accuracy. The results for ii =50 are
very close to such for ii =200 and results for ii =100 (not
shown here) are visually coincide with those for ii = 200 .

Note, that value of the stability control parameter /75’ at
ii =200 was 2.4-2.68. It means, that at ii =100 it is equal
to 1.2-1.34. In its turn, it means that we might apply as
small as only J =150 space elements for number of time
step equal to i =100 . Note, the similar accuracy was at-
tained in work [19] at 1000-2000 space elements (see Fig. 2 a
in [20]). All this testify about the very good accuracy of the
method.

Note, that all existing numerical and theoretical re-
sult are restricted to the time moment when the wave front
reaches the pipe wall. Our method is not restricted by simi-
lar conditions. So, consider the further extension of wave be-
yond the time T}, . Fix the number of space elements, take

J=500. All further results are shown for this space meshing.
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............. i=10, Atx2T
— | =50, Atr0.41
0.8
0.6
P
04
02
0 02 !
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1
i=10, At~2T

i | = 30, Ata2/3T

o8 i =200, At~0.11
0.6

14
04
02
0 0.2 04 0.6 0.8 1

Fig. 3. The results of pressure calculation at the moment of time 7, =4.5125- 10™ ¢ for the same space element

number J =500 but for different number of time steps, ii : a) ii = {10,50};

Take the time step fixed too:

1T,
T =—=—. 1 IC
"5 100 (1)
Apart from “usual” time moment ¢ =T, consider
two additional moments of time: ¢=1.57, and ¢=2T.

This means that calculations are performed for
ii ={100,150,200} time steps. The results are shown on

Fig. 4. The results are logical, clear and produce no spuri-
ous oscillations. The left wave slope decreases with time,
and this agrees with numerical and theoretical results of
work [17].

1

i=100

—i=150

— =200
08
0.6

P
04
02
0 0.2 04 0.6 08 1

X

Fig 4. The results of pressure calculation for the
same number of elements, time step interval, but
for different time: a) for ii =100, t=T7;; b) for

ii =150, t =1.5T, ; ¢) for ii =200, = 2T,

by ii = {10,30,200}

Continue the calculations of pressure for larger time
moments, the parameters of space and time meshing being the
same as above. Now consider the moments of time after the
reflection of the wave from the side boundary of pipe, Fig. 5.

09

08

0.7
p

0.6

0.5

04

03

0 02 04 0.6 08 1
X

Fig. 5. The results of pressure calculations for the
whole pipe at number of space element J =500;

. T; . .
time step T :% for different time moments:

a) t=22-T, (red line); b) t=2.5-T; (green);
¢) t=3-T; (blue)

The first graph (red line) is shown for the time
t=22-Ty, ie., at 220" time step. The next graph (green

line) is obtained for ¢ =2.5-T, i.e., at 250" time step, and
third graph is calculated for ¢ =3-T;,, ii =300 . We can not
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comment the accuracy of them, but the graphs look as the
consistent ones, the straight lines keep their straightness,
there are no visual oscillations, which are usually exhibited
in numerical methods.

Conclusions

Semi-analytical method is applied for 1D gas dy-
namic problem formulated in Lagrangian coordinates.
Generally, the method resembles the one for the rod impact
problem, but nonlinear dependence between the pressure
and density requires the development of additional lineari-
zation procedure. It is performed in assumption that the
looking for pressure is close to the assumed basic pressure,
which is determined as a mean value from the previous
time step. Technically, the realization of the method is per-
formed by transfer matrix method, which make it easy to
code. The efficiency of method is tested on the task of Sod,
and it is demonstrated that:
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HaniBananiTHYHMM HeSIBHMMA MeTOJ IHTErPYBaHHS 110 YaCy OAHOMIPHOIL
ra3zoaMHaMiYHOI 3aa4i

LB. Opunsx’, LA. Kocriomko', P.B. Masypux!
U KII im. Izops Cixopcokozo, Kuis, Ykpaina

Anomauia. Memoo 36adicenux neg 130k Haby8 WUPOKOI NONYIAPHOCHE NPOMALOM OCMANKIX POKIB, 0COOIUBO 3A60AKU 3ACMOCYEAHHIO
6 Memooax cKiHueHux enemenmis. Bin nonseae 6 HAOIUNCEHOMY GUKOHAHHI OUPDEPEHYIANbHUX PIGHAHD, MOOI K PAHUYHT YMOGU MAIOMb
BUKOHYBamMucs moyHo. Lls mema 0ocseacmvcsi nPAgUAbHUM GUOOPOM MHOJICUH NPobHUX (bazoeux) Qyukyii, sxi oaroms Hes s3Ku.
Heg sizxu mnoscams na a2osi QpyHkyii ma Minimizylome, inmezpyiouu no éciti ooaacmi 3aoaui. Mnodicuna npobnux i 6azogux Qynryii
BUBHAYAE 0COOUBICMb MA Nepedazit KOHCHO20 KOHKpemHo20 Memody. Haiibinebw nonyasprum € 6ubip npobHux i 6a2o8ux ¢yrxyii y
8U2NA0T MPUSOHOMEMPULHUX AOO0 NOTTHOMIATLHUX (DYHKYIU. YV 0808UMIpPHUX 300a4ax 4acmo 6UKOPUCOBYIOMbCA MAK 36aHi “Oan0YHi
Gynxyii’”, aAxi € piwennamu 6inbw NPOCMUX 0OHOBUMIDHUX 3a0ay O OANKU.

B oaniti memoouuniii pobomi mu 00CIIOACYEMO MOACTUBICINb BUKOPUCHIAHHA MHONCUH YHKYI, NOOYO08AHUX HA NOCTIO0BHUX eKCNO-
HEeHYIANbHUX DYHKYIAX, K MOYHO 3A0080IbHAIOMb SPAHUYHUM YMOSAM. Memood docniodceno Ha npuriadi npocmoi ocecumempustol
3a0aui 06010HKU, MOUHe PilteHHs K0T 8i0oMe 0I5l 6Y0b-K020 HABAHMAdICEHHS. [ KITbKOX NPUKIAOi6 po3noodiieHo2o abo KOHYeHm-
POBAHO20 HABAHMADICEHHS 3aNPONOHOBAHULL MEMOO NOPIGHIOEMbCA 3 AHANO2IYHUM Memooom Hae'e, 6 Axomy 6ukopucmogyomscs mpu-
eonomempuuni ynxyii. Taxosc pemenvHo 00CAIOHCYEMbCA NPABUTbHUL 8UOIP 8a208UX QYHKYIN. 3a3HAUAEMbCA, WO 3aNPONOHOSAHI
MHOJCUHU CUMEMPUYHUX YU AHMUCUMEMPUYHUX eKCNOHEHYIANbHUX QYHKYILI MAIOMb XOPOULY Nepcnekmugy 0151 3aCHOoCcy8anHs 6 Oinbul
CKNIAOHUX 3a0a4ax cmpyKmypHoi mexanixu

Knrwuogi cnosa: ocecumempuuna obonounka, po3nodinene HABAHMANCEHHS, KOHYeHmposana cuia, memoo Hae’e, memoo bybnosa-
Tanvopkina, MHONCUHA eKCNOHEHYIANbHUX YHKYILL.
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