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Abstract. Stability of non-conservatively loaded elastic and inelastic bodies - a classic section of deformable solid mechanics that has
been of interest for many years. In this paper, we study the motion stability of a free rod subjected to a constant tracking force on one
of its ends. The problem is interesting in practical application, as it can be viewed as a simplified model of a rocket moving under the
action of a jet force. The defining ratio of the rod material is the Kelvin-Voigt model. The solution to the problem is presented as a
decomposition of the beam function. The number of terms of this expansion is substantiated. The critical load values in the presence
and absence of viscosity are determined. It is established that the existence of a non-zero value of the internal viscosity coefficient in
the Kelvin-Voigt model leads to a significant reduction in the critical load value compared to the elastic rod model. The given analytical

results are confirmed by numerical calculations.
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Statement of the problem. Classical results

The paper deals with the problem of determining the
critical load of a homogeneous free rod of length /, which
is in equally accelerated motion under the action of a track-
ing force P. The material of the rod corresponds to the Kel-
vin-Voigt model:

c=E(e+Ve),

where G — stress, € — strain, v — relaxation time, and £ —
elastic modulus.

The equation of small vibrations of a rod is of the
form [1]:
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where V' (x,¢) is the deviation of the rod point with the co-

ordinate x at the moment of time #; EI is the stiffness of
the section in bending; p is the density of the material; S
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is the cross-sectional area. In the above equation, we make
the transition to dimensionless variables (W, &,1) by the

formulas:

l l >\ pS

We obtain the differential equation of motion of the
rod in its final form:
o'W W
—+—=0, (1)
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where p :i; k=v ﬂi, k and p are the parame-
EI psS 12

ters of the problem, respectively, the internal viscosity co-
efficient and the dimensionless force. The solution of equa-
tion (1) must satisfy the boundary conditions:
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The value &k = 0 corresponds to the classical case of
an elastic rod. When the internal viscosity & >0 is taken
into account, the dependence of the critical load p* in the
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vicinity of the point £ = 0 is described by a quadratic func-

tion [2], [6], with klim p’ (k)# p"(0). The described phe-
—*0

nomenon is known in the literature as the “Ziegler paradox”.

An explanation of this “paradox” is given in [3]-[5], [7]-[10].

In this paper, we are interested in obtaining the de-

pendence of the critical load p” on the internal viscosity

coefficient k. In particular, the existence of a “jump” at a
vanishingly small value of k. We are also interested in the

behavior of p"as k — oo,

Problem analysis, calculation formulas

The solution to problems (1), (2) is represented as a
series:

N
W (&)= 2T ( 3)
i=1
where X; (&) are linear combinations of beam functions:
X;:(8)=X,(0)-5,(8;-€)+X/(0)-5,(3;-&) +
+X7(0)-55(8;-€)+ X7(0) -5, (8, -€):

S(8,-8) =5 (ch(3,-8)+cos(5, )
52 (8,€) =3 (+h(8, &) +sin(3,-2):
S5 (3,-€) = 5 (ch(8,-8)cos (3, )
51(8,°8) =5 (sh(3,-8)-sin 3, ).

Substituting (3) into (2) leads to the following form
of the functions X, (&):

S3 (81)
5, (8,)

where 8, are solutions of the transcendental equation

ch(8;-&)-cos(§;-&) =1, (izl,_N) (5)

X (8)=- S, (8;-€)+5,(3;-€), “4)

the roots of which are determined by numerical methods.
According to (3), (1), the functions 7} (7) ( j= 1,_N) satis-
fy the differential equation:

2d515‘) ]f Kl
o] - p . P8
(6)

Equation (6) is multiplied by the functions X, (&)
(i = 1,_N) and the resulting relations are integrated over the

variable & along the interval from 0 to 1.
Considering the property of beam functions:

d*Xi(8) ,
T_Si X (8);

1

J.Xi(‘t:)'

0

X;(§)dE=0 if i=j,

we arrive at a closed system of NV linear homogeneous dif-
ferential equations with respect to the unknown functions

T}(T)(izl,_N):

LRGP N
2 the§— =48 +pz,” @)
where d; ; are the designated numbers:
| X, (8) & (€)
[,(1-8)- %, (8)- d&z L - j i dE

d; ;
Jo¥?

For the system (7), the corresponding characteristic
equation for an arbitrary value of N is of the form:

Q Pdl,z Pd1,3 Pd1,4 Pdl,zv
pdyy  Q,  pdys pd,y pd; N
pdyy pdy, Q3 pdyy pds
=0, (8
pdyy pdy, pdyz Q4 pdyy
Pds,l Pds,z Pd5,3 pd5,4 e Qy
where

Q=0 +k-8 -0+8 +pd,; ( =1,4).

The case of an elastic rod

Let us consider the question of the appropriate num-
ber of terms N in the expansion (3).

Let us set the internal viscosity coefficient £ =0.
Determine the value of the critical load p*, at which the

solution of system (7) will be stable.
For N =2, the characteristic equation (8) can be
represented as follows:

o' +b (p)-@* +b,(p)=0, 9)

where b;(p) (i =1,2) are known polynomials with respect

to the parameter p of the 1st and 2nd degree, respectively.
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According to the Rausch-Hurwitz criterion, the solution of
system (7) will be stable if the roots of the biquadratic
equation (9) contain only negative real parts. This is pos-
sible if the equation

Y +b(p)y+by(p)=0
has two negative real roots:
2
(b (p)) =4b:(p)>0;

b (p)>0;
b,(p)>0.

(10)

The solution of (10) is the set 0 < p <116.0969. So,
=116.10 .

F

p

When N =3, equation (8) takes the form:

o +b,(p) o' +b,(p) o +b(p) =0, (11)

b, (p) (i = 1,_3) — the defined polynomials of the i-th deg-

ree, respectively. Substitution of o> = y in (11) leads to a

cubic equation:
¥ +b (p)-y? +by(p) y+b(p)=0.  (12)

The condition for the existence of real roots of equa-
tion (12) is reduced to solving the inequality:

2 3
a ) "), (13)
4 27
where
0(0)= 555 (p) =35 (2)Bs (p)+Bs ()

r(p)=5:(p)-352 (1),

To fulfil the condition of negative real parts of the
roots of equation (12), we use the well-known Rauss-Hur-
witz criterion: the main diagonal determinants of the Hur-
witz matrix:

bl(P) 1 0
by(p) b (p) b(p)
0 0 b(p)

must be positive:

b (p)>0;

b (p)by(p)—b5(p)>0; (14)
b

b (p)>0.

The solution of the system of inequalities (13), (14)
is the set 0 < p <109,9842 . So, p*‘N_3 ~109.98 . Thuse

ES

p

*
2| .
N=3 pN=2

Let us consider the case of N =4 . The characteristic
equation (7) is reduced to the form

m8+51(p)~m6+52 (p)~0)4+b~3 (p)-m2+54 (p)zO, (15)

where 5, ( p)(i =1,_3) are the designated polynomials of

the i-th degree, respectively.
Equation (15) has imaginary roots if equation

Y Hb(p) v +by(p)y? +by(p) y+by(p)=0  (16)
has real negative roots. The substitution yzz—@
leads to an incomplete equation (16):

2+ p(p)-2* +q(p) y+r(p) =0, a7

where

P(p)=3[88: ()35 (v) :

a(p)=[855 (p) =48, ()5 (p) + 5 (4)

_256:by(p)=64-b(p) by (P)+16-8 (1) By (1) =3B (1)
256

r(p)

The solution of the incomplete equation (17) can be
determined by solving the cubic residual:

£ +B,(p)-t* +B,y(p)-t+By(p) =0, (18)

where
Bi(p)=-2-p(p);
By(p)=p"(p)-4-r(p);
By(p) =4 (p).

The roots zi(i =1,_3) of equation (17) are deter-
mined through the roots of the resolvent (18) ¢, by the fol-

lowing relations:
t=(z+2,)(z3+24);
t=(z+23) (2 +2);
ty=(z+24) (2, +23).

If the roots of z, are real numbers, then the roots of
t; will also be real. The condition for the existence of real
roots of equation (18):

19)

where
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2 1
o(p)= EBE (P) =3 Bi(P)B,(p)+ Bs (p);

R(p) =B (p) —%BE ().

The condition for the existence of negative real parts
of the roots of equation (16) is the fulfillment of the Hur-
witz criterion:

Bl(P)>0;
h(p) 1
by(p) by(p)
b(p) 1 0
by(p) by(p) b(p)|>0;

0 54(17) 53(19)

by(p)>0.

> 0;

(20)

The solution to the system of inequalities (19), (20)
is the set: 0 < p < 109,978 . Consequently, the value of the

critical load p*‘N:4 ~ p*‘NZS ~109,98.

In the following, we will limit ourselves to three
terms of N =3 in the expansion (3).

The case of a viscoelastic rod

If k& > 0, the characteristic equation (8) of system (7)
is reduced to the form

@ + by (k, p)&° +b, (k, p)o* +bs (k, )’ +

+by (k, p)o” +bs(k, p)o+bg(k, p) =0, 1)
where
I by(k, p) =~18921-k;
b, (k, p) ~ 6,4820-107 - k* —78,629- p+18922;
by(k, p) =1,2964-10° -k +2,7831-10'0 - &> —
-6,7426-10° -k - p;
b,(k, p) ~8,3492-10"°k* - 6,7426-10° p + o)

+1613,1p% +6,4820-107 —6,0463-10%k% p;
bs(k, p) =~ 8,3492-10'k +4,2064-10° - k- p* —
-1,2093-10° -k - p;
b (k, p) = —6,0463-10° - p+2,7831-10" —
~7184,2- p* +4,2065-10° - p*.

For equation (21), the Hurwitz matrix has the fol-
lowing form:

b 1 0 0 0 0
by b, b |1 0
by b, by b, b
0 by by b, by b
0 0 0 b by b
00 0 0 0 b

For a fixed value of &, the Rausch-Gurwitz criterion
can be used to determine the value of the critical load p*
according to the solution of the system of inequalities:
A, >0(i=ﬁ), A,

; — are the main determinants of the
given matrix (A, =b (k,p)>0). For example, when
k ={0,05; 0,15; 0,25}, the corresponding values of the
critical load p* ={100,2; 103,5; 103,86} .

Fig. 1 shows the dependence p* = p* (k). The be-

havior of the function at £k — 0 and at k& — oo is interest-

ing. The expected behavior of this function:

lim p* (k) = p*‘ . But, as the calculations show, even
k=0 k=0

with an extremely small value of the viscosity coefficient
k=107, the load

P ~ 88,213 is significantly less than the value

*

p

value of the critical

k=10""

0" 109,98 . This phenomenon is called the destabili-

zation paradox [4]. The other limiting value of the critical

load lim p" (k) =104 is also less than the determined
k—>o0

value p” ‘k—o =109,98 . That is the existence of any viscos-

ity, even however small, leads to a decrease in the stability
limit by a finite amount.

AT

102

100

98

94
92

90 {—~

0 0.05 0.10 0.15 0.20 0.25
k

Fig. 1. Dependence of the critical force on the vis-
cosity coefficient
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Numerical studies

To illustrate the results obtained, we present a nu-
merical solution of the system of differential equations (6)
by the Runge-Kutta method of order 7-8.

Figs. 24 show the graphs of the functions

T(v)(i=13) at k=0;p=20<p’| _ ~109,98 and ar-
bitrary initial conditions: 7} (0) =7, (0) =73 (0)=1;(0) =
=177(0)=0,01; T§(0) =—0,01.
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Fig. 2. Graph of the function 7 (T) atp =20
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Fig. 3. Graph of the function 7, (1) atp =20
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Fig. 4. Graph of the function 73 (1) atp =20

In Figs. 5-7 show the graphs of the functions
T (v)(i=13) at k=0;p=150>p*‘k=0 ~109,98.

2000
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- 10000

- 12000

- 14000

Fig. 5. Graph of the function 7] (1) atp =150

At a relatively small value of 1=0,63 for
p>p" =109,98, the functions 7 (1) (i =1,_3) tend to in-
finity, indicating the solution’s instability. It is shown that
changing the initial conditions does not affect the
qualitative behavior of the functions 7; (7).

The presented numerical calculations are consistent

with the previous analytical ones, indicating the latter’s va-
lidity.
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Fig. 6. Graph of the function 7, (T) atp =150

Conclusion

The problem of the stability of motion of a viscoe-
lastic rod under the influence of a tracking force has been
solved. The solution is presented as a countable series of
beam functions. The obtained results are as follows:

1. The smallest number of expansion terms re-
quired to solve the problem has been analytically estab-
lished to be N = 3.

References

1500
1000
T3
500
0
0.1 0.2 0.3 04 5 0.6

Fig. 7. Graph of the function 7; (’c) atp =150

2. The dependence of the critical load p* on the co-

efficient of internal viscosity & is provided.
3. The paradox of destabilization has been con-

firmed: *‘ << X‘ .
PlioSP lico

4. It has been proven that the existence of any vis-
cosity, no matter how small, leads to a finite decrease in
the limit of stability.

5. Numerical studies have confirmed the analytical
results presented.
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JocaigxeHHs CTIHKOCTI pyXy B’AI3KONPYKHOI0 CTPUKHS

L.A. Koctiomko' e I'.T'. IlllanoBasios!

' KII im. Izops Cikopcvkozo, Kuis, Ykpaina

Anomauin. Cmitikicms HEKOHCEPEAMUBHO HABAHMANCEHUX NPYICHUX MA HENPYICHUX ML — KAACULHULL PO30LT MEXAHIKU 0eqhopMOBaHO20
meepoo2o mina, AKUll GUKIUKAE YIKABICb HA Npomasi bazamvox pokxie. B dawmiii pobomi docnidscyemvcs cmilikicms pyxy 6in1bHO20
CMpUdICHS, HA OOUH i3 KiHYi8 K020 Oi€ cmana no 8enuduHi cund, wo cmedicums. 3a0aua € yikasoo 8 NPAKMUYHOMY 3ACHOCY8AHHI, OCKI-
JIbKU IT MOJICHA PO32TA0AmU K CRPOWEHy MOOelb PAKemu, wo pyxXacmvcs nio 0ier peakmugHoi cunu. Busnaunum cniegioHoweHHam
mamepiany cmpudichsi € mooenv Kenvsina-Dotviema. Po36 530k 3a0aui npedcmasneno y suensoi posknady no banounum @yuryisim. O6rpym-
MOBAHO KIbKICMb 000AHKIE 0aH020 po3Kk1ady. Busnaueno 3nayents KpUmuyHo20 HAGAHMAICEHHs. NPU ICHYGAHHI Ma 8iOCYMHOCI 6 ‘53~
Kocmi. Bcmanoeneno, wo icHy8aHHs HeHYIb08020 3HAUeHHs Koepiyienma sHympiunboi 6 szkocmi y moodeni Kenvesina-Doiiema npuszeo-
Oumsb 00 Cymmes020 3MEHUEH s, BeNUYUHU KPUMUYHO20 HABAHMANCEHHS 8 NOPIBHAHHI i3 MOOENIO NPYI*CHO20 cmpudicHa. Hasedeni ana-
JUMUYHI pe3ynsmamu niomeepoNHCyIombCsl YUCETbHUMU PO3PAXYHKAMIL.

Knruoei cnosa: mooenv Kenvsina-@otiema, kpumuyna cuia, koegiyicum 6 ’a3xocmi, cmitikicms, 6anouni Qyukyii.
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