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Abstract. Methodology, that allows to use the transfer matrices method for the static calculation of spindle unit as elastic system,
which consists of a few associate subsystems, has been developed. Restrictions of the dynamic compliances method use for static
calculations of «spindle unity system decomposing has been stated. For such calculations it is suggested to conduct the decoupling of
the system with the use of mixed method of indefinable beam systems static calculation. The elastically-deformation model of the
«Spindle unity system, that consist of subsystems: tool, spindle, spindle housing elastically mounted on the machine-tool bed, is being
presented. The scheme of decoupling of this system for static calculations has been developed. The analytical solution of task of the
elastic displacements calculation in the characteristic points of subsystems has been obtained. The algorithm of static calculation of
the «Spindle unit» elastic system has been developed. Offered approach allows applying an identical methodological base for the
static and dynamic characteristics simulation of the «Spindle unity elastic system.

Keywords: metal-cutting machine tool; spindle unit; elastic-deformation model; decoupling of the elastic system, transfer matrices
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Introduction

Accuracy of machining on metal-cutting machine tools is determined by mutual position of tool and workpiece
during machining and first of all depends on the size of their elastic displacements. Therefore the questions related to
the increase of accuracy of elastic displacements determination of tool and workpiece in the machining zone are actual.

Possibilities of direct determination of elastic displacements of tool and workpiece in the machining zone are
limited. Foremost, it is related to measuring complication of axis displacement of the rotating element: tool at milling or
workpiece at turning. As a rule, such displacements are determined by indirect methods, for example, by results of
measuring of supports deformations in spindle unit or displacement of spindle pin, with fixed tool or workpiece [1]. It
means for determination of elastic displacement of the rotating element in the cutting zone this approach assume the use
of calculation elastic-deformation model of spindle unit. Thus in a model necessarily must be taken into account a
presence of the fixed tool (workpiece) in spindle.

For developing of such models, the method of finite elements (FEM) is mostly used. For the spindle, spindle unit
housing and a tool (workpiece), fixed in spindle, simulations, beam elements of Euler-Bernoulli, Rayleigh or
Timoshenko are used. Spindle bearings, joint of tool (workpiece) with spindle and joint of spindle unit housing with the
bed of machine-tool - simulated by elastic connections [1, 2]. Such model allows calculation static and dynamic
characteristics of the «Spindle unit» system [2]. The use of FEM allows obtaining the most exact results of simulation,
but procedure of model development differs in considerable labour intensiveness and complication.

Among another ways of the elastic system description of spindle unit it should be noted the use of the method of
initial parameters in matrix formulation, more known as a transfer matrices method (TMM)[3], [4]. The basis of this
method is finding solution of natural bending eigentones of beam element of permanent section with uniformly
distributed mass [5, 6]. The most simple calculation model of spindle unit, made with the use of this method, appears as
the elastic step beam set on elastic-dissipative supports [3]. This model is used for a calculation of static and dynamic
characteristics of spindle unit. Compared to FEM, TMM has certain advantages that consist in the following [3]. Direct
characteristics participate in a calculation, such as stiffness, damping, that can be determined experimentally, or set
from reference books. With a high number of beam elements in the model, solving of the large system of equations is
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not required. Depending on the degree of detailing of model, TMM can be considered as both approximate and précised
methods of calculation. Use of TMM in combination with the method of dynamic compliances [7] allow to carry out the
calculation of dynamic characteristics of spindle unit as an elastic system consisting of a few associate subsystems [4].
Such model meet the requirements maintained to the calculation models of spindle units [1], but her use is limited to the
calculation of only dynamic characteristics.

Aim
The aim of this work is development of methodology, that allow to use the transfer matrices method for the
calculation of static characteristics of spindle unit as elastic system consisting of a few associate subsystems.

Methodology of decoupling of the elastic system «Spindle unit» for the calculation of her static
characteristics with the use of method of transitional matrices

Methodology of calculation of dynamic characteristics of the elastic system «Spindle unit» supposes [4] her
decoupling and solving of the system of deformations compatibility equations in points the of subsystems
disconnection. As a result of solution of this equations system the reactions of throw-away connections are determined.
Then, for the characteristic points of subsystems canonical equations of method of forces are made. As a result, solving
of these equations (taking into account obtained values of reactions of throw-away connections) displacements are
determined in the characteristic points of subsystems. On the values of these displacements, frequency characteristics of
the system is being calculated, as well as forms of subsystems vibrations on natural frequencies and elastic lines of
subsystems, under external load, applied to the system. For equilibrium equations composing in points of the
subsystems disconnection the method of dynamic compliances is used. Included in equilibrium equations the harmonic
influence coefficients in points of the system disconnection are determined with the use of harmonic coefficients of
influence of subsystems that, in turn, are determined with the use of method of initial parameters in a matrix form
(transfer matrices method). The general order of harmonic influence coefficients determination of subsystems is
described in [4].

As an example, we will consider the elastic system «Spindle unit» as mounted on the machine-tool bed of internal
grinding head of quill-type execution [4], [8]. Structural and calculation charts of this system are presented on a fig. 1.
Chart of decoupling of this system with the selection of subsystems of tool (subsystem 1, index s=1), spindle
(subsystem 2, index s =2) and spindle unit housing elastically mounted on the machine-tool bed (subsystem 3, index
s =3) presented on a fig. 2. This chart of decoupling is used for the calculation of dynamic characteristics of the elastic
system «Spindle unit».

The system of deformations compatibility equations in points of subsystems disconnection [4], [8] has the form:
0‘00 Xo+700- Mo - O‘01) X - 0‘5)22) Xy - (2) X3 - Otf)i) "Xy :_0‘(218 'Po(l)
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where X;, M;- amplitudes of harmonic reactions of throw-away connections; oy, Bj , Yy , ¢; — harmonic

influence coefficients in points of the system decoupling on subsystems s (s=1,2,3); ocf;), ij), yl(;), (I)(Y) -

harmonic influence coefficients of separate subsystems; Po(l) - external load applied on a tool.
Determinations of harmonic influence coefficients of subsystems is based on the use of transfer matrices of these
subsystems ). For our example, matrices ) will be [4]:

0
foratool (s=1, u=2): 1V =T m" = vl v{".GY; 2)
i=2
0
for the spindle (s =2, u=6): B =[Tn® = v .¢Y .vP .vP .vP .vP v, 3)

i=6

0
for the spindle unit housing (s =3, u=7): n® = HH§3) = U(73) -R(63) -U(63) -U(53) -U?) ~U(33) ~U(23) ~R§3) -U?) .4
i=7
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where for every subsystem: G; — mass-inertia matrix of the concentrated load; R; — matrix of elastic-dissipative linear

and angular support; U; — matrix of the beam section with distributed mass; i —number of the subsystem section; u —
general number of subsystem sections.

1 % _2_7. 7
i LT
Ps N Nt
S T S | T B Sy
NEEeleliy = leile =
) L 0
b < 20 G L "
777 MAVAVA&{ 77 Py
2% 54 7 73 V4 2 /
ws 0 271" Ho'o
0 85 ) ® 0/7/
2 2)
6 "| 5/2/ y ) 3 2 2 7/2/
[ ° k. k h
L <3 L < 0/2/ ons “non on
< < < <
70/L ' oy : .0
AN R 37 2" /9
Ko ez Ker. Mg
7, v
Fig. 1. Structural and calculation charts of the «spindle unit» elastic system
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Fig. 2. Chart of decoupling of the elastic system «Spindle unit» for dynamic calculations: subsystem of tool (subsystem 1,
index s =1); subsystem of spindle (subsystem 2, index s = 2 ); subsystem of the spindle housing (subsystem 3, index s =3)

The static influence coefficients of subsystems are determined in the same way.
But it is necessary to note that between the transfer matrices used for static and dynamic calculations, there is

some distinction.

So the transitional matrix of i-th section of the beam U, , used for dynamic calculations looks like [5]:
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where [, m;, E-J; —length, mass of length unit and bending stiffness of i-th area of the beam; / — general length of
beam; E-J — bending stiffness of the beam section, appointed as main; ® —angular frequency of the transverse
vibrations of the beam; 4;, B;,C;,D; - hyperbolic functions.

In static calculations (o = 0) matrix U, corresponds to the transfer matrix of stiffness of a beam section [5]:

2 3]
vp e P
2-a; 6-0
2
U=lo 1 P B} (©)

(x_i 2.0
00 1 B
00 0 1

Transfer matrix G; is used only for dynamic calculations.

The form of transitional matrix R; for static and dynamic calculations has almost identical form [5]:

1 0 0 0
0 1 00 k-1 h-o- k.-l
R, = ;= Y= — ; 0, =——, 7
i 0 s, 1 0 g M)y E-J M

-g-% 0 0 1
where k;, k,; — radial and angular support stiffness on i-th beam section; 4, — a coefficient characterizing damping
properties of supports (atw=0 y; =0); j= V-1,

Obviously, that at the use of matrices (6) in equations (2) and (3), resulting transfer matrices of subsystems of
tool TI" and spindle m® will be upper triangular matrix. However, according to methodology [4], absence of non-
zero elements below main diagonal at these matrices, does not allow to apply them for the calculation of influence
coefficients.

On the other hand, using of matrices (6) in equation (4) in combination with the matrices (7) allows to get the
acceptable type of resulting matrix n®

Thus, the method of decoupling of the «Spindle unit» system, accepted for dynamic calculations, can’t be used
for static calculations. But it ensues from the conducted analysis that such possibility appears when all subsystems are
considered as the beams elastically mounted on the stationary foundation (like a subsystem 3, fig. 2). It can be provided
by the decoupling of the system «Spindle unit» with the use of the mixed method of calculation of statically indefinable
beam systems [9]. For this purpose in points the division of subsystems 2 and 3 to the subsystem 3 the reactions of
throw-away connections (—X;,-X,,—X;,—X,) are being applied, and in a subsystem 2 additional connections are

being introduced, with displacements (qf) , q§3 ) ,qf) , q§3 ) ) applied to them. In the same way, in points of subsystems 1

and 2 division, to the subsystem 2 the reactions of throw-away connections (—X,,—M, ) are being applied, and in a

subsystem 1 additional connections to that displacement (q(()z), 52)

) applied to them. Obtained chart of decoupling of
the elastic system «Spindle unit» for static calculations is shown on a fig. 3.
Transfer matrices of subsystems ") for this chart of decoupling will be [4]:
0
foratool (s=1, u=2): 1V = m" =R . v v, (8)
i=2
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0
foraspindle (s =2, u=6): n® = HHI(-Z) = U(62) -U(Sz) ~Rg2) -Ug -R(32) ‘U

0
for the spindle unit housing (s =3, u=7): n® = HHZG) = UgS) -R(63) ~U(63) -U

which means they meet the requirements [4] to the form of transfer matrices.
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Fig. 3. Chart of decoupling of the elastic system «Spindle unit» for static calculations

Sequence of static calculation of the elastic system «Spindle unit»
In accordance with the chart of decoupling (fig. 3) for the tool subsystem (s =1) we will write down equations,
for determination:

- displacements q(l) and ¢(21) in a point 20,
1 H  p(l 2 1 D p(l 2).
gy =l B +qt m oY =Py B+ (11)
- reactions of additional connection X, and M|, in a point 20

XO - Un (q(l) (2)) u MO - non d)(l) ¢(2) (12)

Considering (11), reactions of additional connection X, and M|, in a point 20 are determined by equations:
Xo =k, -asg B 1 My = B(” B, (13)

n on
where a(l) and [3(1) influence coefficients of the first subsystem: cx - displacement and angle of turn in a point 20

from the unit force, applied in a point o [3(1) - angle of turn in a point 20 from the unit force, applied in a point

o ; k,, and k, ,, - radial and angular stiffness of the tool fixation in spindle; Po(l) - external force, which is applied

on a tool.

Spindle subsystem displacements (s=2) in points q(z),q(z),qu),qf) of spindle supports (fig. 3), are

determined by system of equations:
¢® =—a® . X, v My +¢P +82 4P +52 .¢® 152 .4
¢? = o) Xy 12 My +62 g +q§3) +82 .4t (3) +52). §3)
) o) Xy My 3 5 g g 52

2 2 2 2 3 2 3 2 3 3
¢® = X,y My + 82 ¢ 182 ¢ 182 ¢ 4 ¢

(14)
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where qg ,q§3) , qff) q§3) displacements of spindle unit housing subsystem (s =3 )in points the division of second

and third subsystems; afé), yl(g), 61(-]2) influence coefficients of the second subsystem: a - displacement in i-th

points from the unit force, applied in a point 0@ , y%) - displacement in i-th points from the unit moment, applied in a
point 0@ , 8;2) - displacement in i-th points from the unit displacements, applied in j-th points.

Using dependences (13) we will distinguish components ql.(,%) in the equations of the system (14), that represents

.

displacement in i-th points of the second subsystem from the action of the external load F;
2 2 2 2) 2) pd 1

ql(P) = 0.( ) XO +yt('0) 'MO = (kon : ( ) (X‘(ZO) +knon ’YEO) [3( )) P() (15)

In addition, we will transform the influence coefficients 61(72) included in equations of the system (14). According

to a theorem about reciprocity of reactions and displacement (to the 2th theorem of Rayleigh) [9]: 6, = where 3,

[] b
- are displacement in i-th points from the unit displacement, applied in j-th points, and r; - reactions in i-th points from

the unit force, applied in j-th points. In turn, reactions in points the division of second and third subsystems (fig. 3):

=k;-a;, where o - displacement in i-th points from the unit force, applied in j-th points, k; - radial stiffness of

supports, placed in i-th points (i =1,2,3,4).0n this basis, 5Z(j2) in the system of equations (14) it is possible to write
down:
87 =—k;-al. (16)
Then considering (15) and (16) system of equations (14) will be:

qa)+qa> Ckya®. “)—h~afW @)_k,au P =q®
k-0 qg) O ka2 ¢k, (xg) ¢ =2 )
_k3.a3l - q§3> (3> k0@ g® =g
—h-aﬁ'% —ky-ad g —k, -l ¢n+¢b_qm

Displacement q(3) , q§3) , qf) ,q§3) included in the system of equations (17) of spindle unit housing subsystem
s =3) are determined by system of equations (fig. 3):
Y Sy q g
3 3 3 3 3
qg) 0‘(22) X - 0‘(23) Xy = 0‘(24) X5 _a(zs) "X
3 3 3 3 3
q§ ) =—0c§2) X —oc§3) X, —0‘( ) X3 —0L§5) - Xs
3 3 3 3 3 ’
qi)——aiz)-Xl—a“‘Xz— % Xy - 0‘() - X
3 3 3 3 3
qg):_a(sz)_Xl_ 3) Xz—(l() X3—0L() XS

(18)

In turn, reactions X, X,, X5, X, (fig. 3) related to displacement of spindle and spindle unit housing subsystems

in points of their division:

=k @ =) Xy =k (a5~ a3, Xa=ka (657 =0i). Xy =i -(a)” —af) (19)
Considerlng dependence (19) system of equations (18) is brought to a form:
3 3 (@ 3 (2 3 (2 3 3 3 (3 3) (3 3
by o~ b 5 b+ ) o <0

3 2 3 2 3 2 3 2 3 3 3 3 3 3 3 3
R e K

3) (2) 3. (2 3). (2 3. (2 3. 03 3). 3 3) 3) 3) ’
—ky oy g7 —ky - 0‘513 g~k gy —ky 0‘25 Gy ko gy +ky oy ‘1( +(k3'0‘44_) § +hy o q =0

3 2 2 3 2 3 2 3 3 3 3 3 3 3
R 22 2y 2 02 00 -6 + k0 1) =0

By the joint decision of the systems of equations (17) and (20) displacements ‘11( ,qéz),qg),qf) and

q§3) ,q§3) , qf) , q§3) are determined, and by dependences (19) - reactions X, X,, X5, X,.

For determination of displacements q(z) and ¢(2) applied to the first from the side of second (fig. 3) one, we will

replace an action got from (17) displacement qm ,q§3) , qf) §3) by the equivalent action of corresponding reactions
Xy, . Xy, X3, Xy, inspindle supports. According to (19) these reactions are determined by dependences:
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3 3 3
X, =ka), Xog=ky-q¥, Xy =ky-qf, Xy =k, qf, (21)

The equivalent chart of subsystem of spindle got as a result of the conducted replacement is presented on a fig. 4,
b. In accordance with this chart, displacements q(z) 5)2) of the end of spindle will be determined by the system of
equations:

s =—al) - Xo =y My +alp) - Xy, +oly - Xy, +al) Xy, +al) Xy,

07 =—BR - Xy — 00 My + B2 X, +BR - Xy, +B X, +B - X, 22)
or taking into account (15) and (21):
{ gk -oly) g iy -al) g iy aly) g + k- aly) g = ¢ 23)
¢ +h BE? 95" +ky - B(fo) g5 +hy- B%%) g5 +ky- Bﬁfo) 45" =967

Taking into account displacements q(z) and (])82) (fig. 4,b), displacements of points o , 1M and 20 of a tool
subsystem (s =1) are determined by dependences:

1 2 2 1 1
0 =g 4 4@ 1y + ) - PO

a 2 2 1 1

410) _‘I(() )+¢( ) Iy +0‘§0) P() (24)
( (2) (O] 1

qzo)—qo +0‘20'P0()

where [y, ,/;, —are lengths of mandrel between sections 0-2 and 1-2 accordingly.

Thus, developed methodology allows to apply identical approach both for the dynamic and for static calculation
of the elastic system «Spindle unit».
v
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Fig. 4. Equivalent calculation charts of subsystems: a) tool; 6) spindle; B) spindle unit housing

Conclusions

1. While using of transfer matrices method in the static and dynamic calculations of spindle unit as an elastic
system, which consists of a few associate subsystems, it is necessary to apply the different methods of decoupling of the
system. It is related to that during performing of decoupling with the use of method of dynamic compliances, transfer
matrices of some subsystems in statics and dynamics have a different form. So, in statics these matrices have an upper
triangular form, that excludes possibility of their use for the calculation of static compliance coefficients of subsystems,
and, accordingly, performing of static calculation as such.

2. At static calculations for the decoupling of the system it is recommended to apply the combined method of
calculation of statically indefinable beam systems. Application of this method allow to obtain the charts of subsystems,
acceptable both to the calculation of static compliance coefficients of these subsystems and for the calculation of the
elastic displacement in their characteristic points.

3. Offered approach allow to apply an identical methodological base for the simulation of both dynamic and static
characteristics of the elastic system «Spindle unit».
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CraTu4HUIl PO3PAXYHOK NMPY’KHOI CHCTEMHU «IINMHUHIEeJIbHUH BY30/D) 3
BHKOPHCTAHHAM METOAY NepexXiIHUX MAaTPUIlb

IO.M. Jannnbuenko, M.I'. Cropuak

Anomauia. Pospobrena memoouxa, AKa 0036018€ BUKOPUCIOBYBATU MeMOO Nepexionux Mampuysb 018 CIMAMUYHO20 PO3PAXYHKY
WNUHOENbHORO B8Y31A, AK NPYJUCHOI CUCmeMU, WO CKIA0AEMbCsi 3 OeKINbKOX 63ae€Monos szanux niocucmem. Cgopmynvosani
obmedicents w000 BUKOPUCIAHHI Memo0y OUHAMIYHUX NOOAMAUBOCMEl 015l OeKOMNO3UYIL CUCeMU «WNUHOETbHUIL 8Y301» Npu
cmamuyHux pospaxyuxax. Jlns makux oouuciens 3anponoHo8ano nposoOUmU 0eKOMRO3UYIIO0 CUCTNEMU 3 BUKOPUCHIAHHAM 3MIUAHO20
Memooy PO3PAXYHKY CHMAMUYHO HEGUSHAYEHUX cmepcHesux cucmem. Ilodana npyscno-oegpopmayitina mooensb cucmemu
CUNUHOETTbHULL BY301», WO CKIA0AEMbCA 3 NIOCUCTEM THCIMPYMEHMY, WHUHOeNA | KOPNycd, NPYICHO 3AKPINIeH020 HA CMAaHUHI
sepcmamy. Pospobrena cxema oexomnosuyii yiei cucmemu npu cmamuynux pospaxyrkax. Ompumano anaiimudHuil po3e s30K
3a0a4i 0OUUCTIEHHS NPYIHCHUX NepeMilyeHb 8 XAPaKmepHux moyxkax niocucmem. Po3pobneno ancopumm cmamuyHo2o pO3PAXYHKY
NPYIHCHOT cucmemu «WNUHOETbHUL 8Y301». 3anponoHo8aHuil nioxXio 003601A€ NpU MOOENOBAHHI CMAMUYHUX | OUHAMIYHUX
XApakmepucmuK nPY*HCHOI cucmemu «WNUHOETbHULL 8Y301» 3ACIMOCO8YBANU OOHAKOBY MENOOON0IUHY 0A3Y.

Kniouosi _cnosa: memanopizanvnuii eepcmam, wWnuHOEAbHUL 8Y301, NPYIUCHO-0ePOPMAYilina MOoOenb;, OeKOMROUYIS NPYICHOT
cucmemu, Memoo nepexionux Mampuyb.

CraTndeckuii pacyeT ynpyroi cucTeMbl «IINMHAEIbHBIN y3€/» ¢ HCI0JIb30BAHHEM MeTOAa
NepexoIHbIX MaTPHIL

IO.M. Jannasuenko, M.I'. Cropuak

Annomayusn. Paspabomana memoouxa, no3gonaouds UCHOIb308aNb MEmMOoO NepexOOHbIX MAmpuy Ol CIMAmu4ecko2o paciema
WNUHOENILHO20 Y3114 KAK YNpyeoll CUCMeMbl, COCMOAWel U3 HeCKONbKUX 63aumocesasanubix noocucmem. Copmyruposanbl
02paHUYeHUs UCNOAb306AHUS MeMO0d OUHAMUYECKUX NOOamausocmetl O OeKOMNOUYUU CUCTEMbL (UWUNUHOENbHbIL Y3ely Npu
cmamuyeckux paciemax. s makux pacuemos npedioHceHo npogooums 0eKOMNO3UYUIO CUCHEMbL C UCHOTb30BAHUEM CMEUAHHO20
Memoda paciema CmamuyecKu HeonpeoenuMblx cmepicHesulx cucmem. Ilpeocmasnena ynpy2o-0epopmayuonHas MoOetb CUcmembl
CUINUHOETbHBLIL Y3€lly, COCMOoAWeli U3 NoOCUcmem UHCMPYMeHma, WNUHOeA U KOpRyca, Ynpy2o 3aKpenieHHo20 Ha CIaHune CmanKa.
Paspabomana cxema Oexomnosuyuu 3moii cucmemvl npu cmamuueckux pacuemax. Ilonyueno ananumuueckoe pewenue 3a0aqu
pacyema ynpyeux nepemeujeHuii 6 Xapakmepuuix mouxax noocucmem. Paspaboman aneopumm cmamuueckozo pacuema ynpyeou
cucmembvl  «WNUHOeNbHIN y3eny. IIpeonodcennvili no0X00 NO360451em NPU MOOEIUPOBAHUU CMAMUYECKUX U OUHAMUYECKUX
Xapaxkmepucmux ynpy2ou cucmemsl «WnRUHOETbHbIL Y3ea» NPUMEHAMb OOUHAKOBYIO MEeNOO0N02UHECKYI0 DA3Y.

Knrouesvie cnosa: memannopescywuii cmanox; WnUHOEIbHbIN Y3el; YRpYe0-0e@opMayuoHnas Mooeib; 0eKOMRO3ZUYUs ynpyeou
cucmembl, MemMoO NepexoOHbIX MAmpuy.
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